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Unobstrutedness and dimension of families of Gorenstein algebras
Jan O. Kleppe
Abstrat
The goal of this paper is to develop tools to study maximal families of Gorenstein quotients A
of a polynomial ring R. We prove a very general Theorem on deformations of the homogeneous
oordinate ring of a sheme Proj(A) whih is dened as the degeneray lous of a regular setion
of the dual of some sheaf M˜ of rank r supported on say an arithmetially Cohen-Maaulay sub-
sheme Proj(B) of Proj(R). Under ertain onditions (notably; M maximally Cohen-Maaulay
and ∧rM˜ ≃ K˜B(t) a twist of the anonial sheaf), then A is Gorenstein, and under additional
assumptions, we show the unobstrutedness of A and we give an expliit formula the dimension
of any maximal family of Gorenstein quotients of R with xed Hilbert funtion obtained by a
regular setion as above. The theorem also applies to Artinian quotients A.
The ase where M itself is a twist of the anonial module (r = 1) was studied in a previous
paper, while this paper onentrates on other low rank ases, notably r = 2 and 3. In these ases
regular setions of the rst Koszul homology module and of normal sheaves to lii shemes (of
say odimension 2) lead to Gorenstein quotients (of e.g. odimension 4) whose parameter spaes
we examine. Our main appliations are for Gorenstein quotients of odimension 4 of R sine our
assumptions are almost always satised in this ase. Speial attention are paid to arithmetially
Gorenstein urves in P5.
AMS Subjet Classiation. 14C05, 13D10, 13D03, 13C14, 13D02, 14F05.
Keywords. Parametrization, Deformation, Hilbert sheme, Gorenstein sheme, Cohen-Maaulay
sheme, Artinian algebra, setions of sheaves, speial sheaves.
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1 Introdution
In this paper we study deformations of arithmetially Gorenstein (AG) subshemes X = Proj(A)
of a projetive spae PN = Proj(R). In partiular we onsider deformations of shemes X dened
as the degeneray lous of a regular setion of some maximal Cohen-Maaulay sheaf M˜ supported
on an arithmetially Cohen-Maaulay (ACM) subsheme Y = Proj(B) of PN . Our results allow
us to study well three natural parameter spaes lassifying AG subshemes of PN (resp. graded
Gorenstein quotients of R) with Hilbert polynomial p (resp. Hilbert funtion H). The three shemes
we have in mind are the open subsheme of Grothendiek's Hilbert sheme Hilbp(PN ) onsisting of
AG subshemes of positive dimension, the open part of the postulation Hilbert sheme HilbH(Pc)
onsisting of AG zeroshemes with Hilbert funtion H and Iarrobino-Kanev's determinantal sheme
PGor(H) lassifying graded Artinian Gorenstein quotients of R via the Maaulay orrespondene.
A ommon denominator of these parameter spaes is the k-sheme GradAlgH(R) of [22℄ whih
parametrizes graded quotients B = R/IB suh that depthB ≥ min(1,dimB) and HB = H, HB
the Hilbert funtion of B. Its open subsheme onsisting of Gorenstein quotients B of odimension
c in R, GorHc (R), is naturally isomorphi to the three shemes in the mentioned order provided
the degree of p is greater or equal 1, equal 0 and equal −1 (i.e. p(t) = 0) respetively. The
isomorphism is even sheme-theoreti exept possibly for PGor(H) where the isomorphism is at least
innitesimal and topologial, making questions of dimension and smoothness of PGor(H) equivalent
to the orresponding questions for GradAlg(H) := GradAlgH(R), f. [23℄ for details and [16℄ for a
generalization of GradAlg(H).
If the odimension c ≤ 3, the smoothness, the irreduibility and the dimension of GorHc (R) are
known ([22℄, [10℄, [6℄, [24℄). Hene we fous on Gorenstein quotients of odimension 4 of R whih,
nowadays, get quite a lot of attention ([9℄, [19℄, [23℄, [18℄, [3℄). Moreover sine some of our results
require that the degree of p is greater or equal to 1, we mostly onsider AG urves in P5, having also
the ase PGor(H) in mind sine we have tried very muh, and partially sueeded, to generalize our
results to the Artinian ase.
Let B → A be a morphism of graded quotients of R. In the bakground setion we reall a
basi result of how we an dedue the smoothness and the dimension of GradAlgHA(R) from the
orresponding properties of GradAlgHB(R) (Theorem 15 and Corollary 18). The assumptions of
Theorem 15 are satised for a omplete intersetion (.i.) B and for some other lasses of quotients
with nie properties (lii is often enough) exept for the vanishing 0H
2(B,A,A) = 0 of the seond
algebra ohomology group. Theorem 15 and Corollary 18 are enough to treat the rank r = 1 ase of
M satisfatorily ([23℄), while, for higher rank ases, they are insuient. A main result, Theorem 22,
of this paper replaes the assumption 0H
2(B,A,A) = 0 with assumptions whih are more natural
to the appliation we have in mind; deforming shemes X dened as the degeneray lous of a
regular setion. Note, however, that Theorem 15 and Corollary 18 apply also to quotients whih
not neessarily are given by suh a regular setion, and we take the opportunity to inlude a result
whih generalizes [18℄, Thm. 4.17 (Corollary 20).
To state the assumptions of Corollary 18 and Theorem 22 and its dimension formulas in a more
omputable form we onsider low rank ases on a lii sheme Y = Proj(B). LetKB be the anonial
module of B. If M is a graded maximal Cohen-Maaulay B-module of rank r = 2 suh that M˜ |U
is loally free and ∧2M˜ |U ≃ K˜B(t)|U in a large enough open set U = Y − Z of Y , then a regular
setion σ of M˜∗(s)|U , M
∗ = HomB(M,B), denes a graded Gorenstein quotient A given by the
exat sequene
0→ KB(t− 2s)→M(−s)
σ
→ B → A→ 0 , (1)
similar to what happens in the usual Hartshorne-Serre orrespondene ([14℄, Thm. 4.1). Moreover
M ≃ HomB(M,KB(t)) (Theorem 8). Let S2(M) be the seond symmetri power of M . Using small
letters for the k-dimension of the v-graded piee vExt
i
B(−,−) of Ext
i
B(−,−), we dene γ(S2M)v
and δ(Q)v by
δ(Q)v = vhomB(IB/I
2
B , Q)− vext
1
B(IB/I
2
B , Q) , and
γ(S2M)v = vhomB(S2(M),KB(t))− vext
1
B(S2(M),KB(t)) .
Note that if depthI(Z)B ≥ 3 (resp. depthI(Z)B ≥ 4) and char(k) 6= 2, one may show that
γ(S2M)0 = 0homB(M,M) − 0ext
1
B(M,M) − 1 (resp. 0Ext
i
B(S2(M),KB(t)) ≃ 0Ext
i
B(M,M)
for i = 1, 2) sine r = 2, f. (12). A main result of Setion 2 is the following Theorem (Theorem 25)
whih applies also to an Artinian A.
Theorem 1. Let B = R/IB be a graded lii quotient of R, let M be a graded maximal Cohen-
Maaulay B-module, and suppose M˜ is loally free of rank 2 in U := Proj(B) − Z, that dimB −
2
dimB/I(Z) ≥ 2 and ∧2M˜ |U ≃ K˜B(t)|U . Let A be dened by a regular setion σ of M˜
∗(s) on U ,
i.e. given by (1), and suppose sExt
1
B(M,B) = 0.
A) If tExt
2
B(S2(M),KB) = 0 and −sExt
2
B(IB/I
2
B ,M) = 0 ,
then A is unobstruted as a graded R-algebra (indeed 0H
2(R,A,A) = 0), A is Gorenstein, and
dim(A) GradAlg(HA) = dim(NB)0 + dim(M
∗)s − 1− γ(S2M)0 + dim(KB)t−2s + δ(KB)t−2s − δ(M)−s.
Moreover if char(k) = 0 and (B → A) is general with respet to 0homR(IB , IA/B), then the
odimension of the stratum of quotients given by (1) around (A) is
−sext
1
B(IB/I
2
B ,M)− dim(im β)
where β is the homomorphism −2sExt
1
B(IB/I
2
B ,KB(t))→ −sExt
1
B(IB/I
2
B ,M) indued by (1).
B) If (M,B) is unobstruted along any graded deformation of B and −sExt
1
B(IB/I
2
B ,M) = 0,
then A is Gorenstein and HB-generi. Moreover A is unobstruted as a graded R-algebra and the
dimension formula for dim(A)GradAlg
HA(R) of part A) holds.
Here NB = HomB(IB/I
2
B , B), IA/B := ker(B → A) and (M,B) unobstruted along any defor-
mation of B means that for every deformation (MS , BS) of (M,B), S loal and Artinian, there is
a deformation of MS to any deformation of BS (f. Denition 11). Moreover (B → A) is general
with respet to γ := 0homR(IB , IA/B) if and only if 0homR(IB′ , IA′/B′) ≥ γ for every (B
′ → A′)
in an open neighbourhood of (B → A) in GradAlg(HB,HA) (see Remark 16(ii)). Furthermore A
is HB-generi essentially means that the odimension of the stratum mentioned in Theorem 1A) is
zero, see the text before Theorem 15 and Theorem 25 for preise denitions.
Remark 2. If maxn2,j is the largest degree of a minimal relation of IB and a is an integer suh
that Mv = 0 for v ≤ a, then
−sExt
1
B(IB/I
2
B ,M) = 0 provided s ≥ maxn2,j − a.
In this ase dim(KB)t−2s + δ(KB)t−2s − δ(M)−s = 0. This signiantly simplies the dimension
formula of Theorem 1B) provided we use the theorem for suh s.
On a Cohen-Maaulay (CM) quotient B = R/IB of odimension 2 in R with minimal resolution
0→ ⊕µ−1j=1R(−n2,j)→ ⊕
µ
i=1R(−n1,i)→ R→ B → 0 ,
Theorem 1 applies to M = NB, the normal module, and to M = H1, the 1. Koszul homology of IB.
In Setion 3 we study these appliations in detail. To see that the assumptions of Theorem 1 are
satised, let Proj(B)− Z →֒ PN be a loal omplete intersetion (l..i.). Then we prove
Proposition 3. Let B = R/IB be a odimension two CM quotient of R and suppose dimB −
dimB/I(Z) ≥ 2. Then
(i) Ext2B(IB/I
2
B ,H1) = Ext
1
B(H1, B) = 0 and S2(H1) is a maximal CM B-module.
(ii) ExtiB(IB/I
2
B , IB/I
2
B) = 0 for 1 ≤ i ≤ dimB − dimB/I(Z).
Using Proposition 3(i) we get the following result, with a suiently weak assumption on
depthI(Z)B = dimB − dimB/I(Z) so that the result applies also to an Artinian A.
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Corollary 4. Let B = R/IB be a graded odimension two CM quotient of R, let U = Proj(B)−Z →֒
PN be an l..i. and suppose the number of minimal generators of IB is µ = 4 and depthI(Z)B ≥ 2.
If A is dened by a regular setion of H˜1
∗
(s) on U , then A is unobstruted as a graded R-algebra
(indeed H2(R,A,A) = 0), A is Gorenstein of odimension 4 in R, and
dim(A) GradAlg(HA) = dim(NB)0 + dim(H
∗
1 )s − 1− γ(S2H1)0 + dim(KB)t−2s + δ(KB)t−2s − δ(H1)−s
where t = dimR−
∑
n1,i. Moreover if s > maxn2,j −minn2,j, then A is HB-generi, and
dim(A)GradAlg
HA(R) = dim(NB)0 + dim(H
∗
1 )s − 1− 0homB(S2(H1),KB(t)).
Furthermore in the situation of Corollary 4 we show how to ompute every term of the dimension
formulas and we give several examples.
Applying Theorem 1 to the normal module NB we need the vanishing of the Ext-groups of
Proposition 3(ii) to prove that the assumptions of Theorem 1 hold. To do so we have to inrease
depthI(Z)B. Hene the following result does not automatially apply to Gorenstein quotients A
of dimension less or equal to 1 unless we in a given example are able to verify the assumptions of
Theorem 1. In Setion 3 we give examples of the result.
Corollary 5. Let B = R/IB be a graded odimension two CM quotient of R, let U = Proj(B)−Z →֒
PN be an l..i. and suppose depthI(Z)B ≥ 4. If A is given by a regular setion of N˜B
∗
(s) on U ,
and if s > 2maxn2,j − minn1,i and char(k) 6= 2, then A is HB-generi and unobstruted as a
graded R-algebra. Moreover A is Gorenstein of odimension 4 in R, and letting X = Proj(A) and
η(v) := dim(IB/I
2
B)v, we have
dim(A)GradAlg
HA(R) = dim(X) Hilb
p(PN ) = η(s) +
µ−1∑
j=1
η(n2,j)−
µ∑
i=1
η(n1,i) .
Finally we prove a Theorem, similar to Theorem 1, in the rank r = 3 ase whih also applies to
an Artinian A (Theorem 30). It admits the following Corollary,
Corollary 6. Let B = R/I and U = Proj(B) − Z be as in Corollary 4 and suppose that µ = 5,
char(k) 6= 2 and depthI(Z)B ≥ 3. If A is dened by a regular setion of H˜1
∗
(s) on U , then A is
unobstruted as a graded R-algebra (indeed H2(R,A,A) = 0), A is Gorenstein of odimension 5 in
R, and dim(A)GradAlg
HA(R) =
dim(NB)0 + dim(H
∗
1 )s + −shomB(S2(H1),KB(t))− 0homB(H1,H1)− dim(KB)t−3s − δ ,
where δ := δ(H1)−s + δ(KB)t−3s − δ(H2)−2s and t = dimR−
∑
n1,i. If in addition s > maxn2,j −
minn2,j, then A is HB-generi, δ = 0 and dim(KB)t−3s = 0.
We thank Chris Peterson and Johannes Kleppe for useful disussions. Indeed we are in this work
inspired by the joint works [27℄ and [28℄ where we in various ways onstrut Gorenstein quotients of
R. This paper uses deformation theory to vary every objet and morphism of these onstrutions,
to see how large the orresponding stratum of its parameter spae will be. As we see by the
results above, the stratum is often a omponent. In some ases, however, it is a proper stratum
of a odimension whih we make expliit. Moreover we thank Rosa M. Miró-Roig for interesting
disussions on PGor(H). In partiular Corollary 20 was inluded in the paper after a disussion
with her.
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1.1 Bakground
We largely keep the notations of [23℄, and we reommend the setion of Preliminaries of that paper
for an overview of ohomology groups and deformation theory. Let B be an n-dimensional graded
quotient of a polynomial ring R in n + c variables (of degree 1) over an algebraially losed eld
k, and let M and N be nitely generated graded B-modules. Let depthJ M denote the length of
a maximal M -sequene in a homogeneous ideal J and let depthM = depth
m
M where m is the
irrelevant maximal ideal. Let HiJ(−) be the right derived funtor of the funtor, ΓJ(−), of setions
with support in Spec(B/J). Then
depthJ M ≥ r if and only if (iff) H
i
J(M) = 0 for i < r. (2)
(f. [13℄). Let Y = Proj(B) and let Z be losed in Y and U = Y − Z. Put H0∗(U, M˜ ) :=
⊕v H
0(U, M˜ (v)). Then we have an exat sequene 0→ H0I(Z)(M)→M → H
0
∗(U, M˜ )→ H
1
I(Z)(M)→
0 and isomorphisms HiI(Z)(M) ≃ H
i−1
∗ (U, M˜ ) for i ≥ 2. If depthI(Z)N ≥ i + 1, then the graded
group ExtiB(M,N) injets into the orresponding global Ext
i
OU
-group of sheaves. Indeed we have
by [12℄, exp. VI, an exat sequene
0Ext
i
B(M,N) →֒ Ext
i
OU
(M˜ |U , N˜ |U )→ 0HomB(M,H
i+1
I(Z)(N))→ 0Ext
i+1
B (M,N)→ Ext
i+1
OU
(M˜ |U , N˜ |U ) (3)
where the form of the middle term omes from a spetral sequene disussed in [12℄.
A Cohen-Maaulay (resp. maximal Cohen-Maaulay) B-module satises depthM = dimM
(resp. depthM = dimB) by denition, or equivalently, Hi
m
(M) = 0 for i < dimM (resp. i < dimB).
If B is Cohen-Maaulay, then the v-graded piee of Hi
m
(M) is via Gorenstein duality given by
vH
i
m
(M) ≃ −vExt
n−i
B (M,KB)
∨
where KB = Ext
c
R(B,R(−n− c)) is the anonial module of B. In
this ase B = R/IB has a minimal R-free resolution of the following form
0→ Gc → ...→ G1 → R→ B → 0 , Gj = ⊕
rj
i=1R(−nj,i) (4)
and the R-dual sequene 0 → R → G∗1 → ... → G
∗
c → KB(n + c) → 0 is exat. Moreover the
Castelnuovo-Mumford regularity of IB is reg(IB) = max{nc,i} − c + 1. A oherent non-trivial OY -
module,M, is alled a maximal Cohen-Maaulay sheaf on U if Exti
OY
(M, ωY )|U = 0 for i > 0 where
ωY = K˜B.
Lemma 7. Let B be Cohen-Maaulay. Let r and t be integers. Let J ⊆ B be an ideal satisfying
depthJ B ≥ r and let M be a nitely generated B-module satisfying depthmM ≥ dimB − t. Then
depthJ M ≥ r − t.
For a proof, see [28℄, Lem. 5. (What there looks like sheaf-Extj is atually Extj as B-modules).
Now we reall a main result of [27℄ in whih B is Cohen-Maaulay. Indeed a main idea of this
paper is to use deformation theory to see how general the onstrution of Gorenstein quotients, given
by the Theorem below, is. Note that in this ase depthJ B = dimB − dimB/J for any ideal J of
B, f. [7℄.
Theorem 8. Let R be a polynomial ring, let B = R/IB be a odimension c graded CM quotient of R
and let M be a nitely generated graded maximal CM B-module. Let Y = Proj(B), let Z be a losed
sheme suh that dim(B) − dim(B/I(Z)) ≥ max(r, 2) and let U = Y − Z. Let Mi = H
0
∗(U,∧
iM˜)
for i ≥ 0, and suppose that M˜ |U is loally free (of rank r) and that
∧rM˜ |U ≃ K˜B(t)|U for some integer t .
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Moreover suppose Mi is a maximal CM B-module for 2 ≤ i ≤ r/2. Then any regular setion,
σ ∈ H0(U, M˜∗(s)) (s an integer), denes a Gorenstein quotient R ։ A of odimension r + c given
by the exat sequene
0→Mr(−rs)→Mr−1((1− r)s)→ · · · →M2(−2s)→M(−s)
σ
→ B → A→ 0. (5)
Indeed all Mi, 0 ≤ i ≤ r, are maximal CM B-modules, and Mr−i ≃ HomB(Mi,KB)(t) for 0 ≤ i ≤ r.
Remark 9. By replaing M by M1 in (5) we see that the maximal CM assumption on M is really
superuous in the rank 2 Artinian ase (r = dim(B) = 2). In [28℄ we sueeded generalizing
Theorem 8 by weakening the maximal CM assumptions on M and Mi in several ways.
In [27℄ we applied Theorem 8 to dierent modules M on lii shemes (i.e. shemes whose
homogeneous oordinate ring is in the linkage lass of a omplete intersetion, f. [30℄ for a survey),
notably the normal module, NB , and the 1. Koszul homology, H1 = H1(IB), built on a set of
minimal generators of IB . Note that the module H1 is essentially given by an exat sequene
0→ H2(R,B,B)→ H1 → G1 ⊗R B → IB/IB
2 → 0. (6)
in whih H2(R,B,B) is the 2. algebra homology [31℄. An ideal IB of R is alled syzygeti if
H2(R,R/IB , R/IB) = 0. Using (6) one shows that if R → B is generially a omplete intersetion
and B is lii, then H2(R,B,B) = 0 beause H1 is a maximal CM module in the lii ase [17℄.
If B is lii one also knows that NB is a maximal CM B-module and that Ext
1
B(IB/IB
2, B) = 0
([5℄ and [26℄). Note that if µ(IB) is the number of minimal generators of IB, we see from (6) that
rankH1 = µ(IB)− c sine the rank of NY = N˜B =
˜IB/IB
2
∗
is the same as the odimension, c, of Y
in Proj(R). We proved
Proposition 10. Let B = R/IB be lii of odimension c ≥ 2, and let Y = Proj(B) →֒ Pn+c−1 =
Proj(R) be a loal omplete intersetion (l..i.) in some open U = Y − Z.
1. If dimB−dimB/I(Z) ≥ c, then H0∗(U,∧
iNY ) are maximal CM B-modules for every 1 ≤ i ≤ c,
and any regular setion of H0(U,N ∗Y (s)) denes a Gorenstein quotient R։ A of odimension
2c.
2. If dimB−dimB/I(Z) ≥ max(2, µ(IB)− c), then H
0
∗(U,∧
iH˜1) are maximal CM B-modules for
every 1 ≤ i ≤ µ(IB)− c and any regular setion of H
0(U, H˜∗1 (s)) denes a Gorenstein quotient
R։ A of odimension µ(IB).
For the graded group H2(R,B,B) we just remark that there is an exat sequene
0→ 0Ext
1
B(IB/I
2
B , N)→ 0H
2(R,B,N)→ 0HomB(H2(R,B,B), N)→ (7)
indued from some well known spetral sequene, f. [1℄, Prop. 16.1.
Let p ∈ Q[t] be a non-trivial polynomial and let P = Pn+c−1. Then the sheme GradAlg(H) =
GradAlgH(R) whih we study in this paper is the stratum of Grothendiek's Hilbert sheme Hilbp(P)
(f. [11℄) onsisting of points (Y ⊂ P) with Hilbert funtion HY = H (i.e. its orresponding funtor
deforms the homogeneous oordinate ring, B, of Y atly as a graded R-algebra), f. [22℄. Note that we
dene the Hilbert funtion of Y , or B, by HY (v) = HB(v) := dimBv. GradAlg
H(R) has a natural
sheme struture whose tangent (resp. obstrution) spae at (Y ⊂ P) is 0HomB(IB/I2B , B) ≃
0HomR(IB , B) (resp. 0H
2(R,B,B)) [21℄. Sine H(v) does not vanish for large v (i.e. B is non-
Artinian), we may look upon GradAlgH(R) as parametrizing graded R-quotients, R→ B, satisfying
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depth
m
B ≥ 1 and with Hilbert funtion HB = H. If B is Artinian, then GradAlg
H(R) still
represents a funtor parametrizing graded R-quotients with Hilbert funtion HB = H. It ontains
an open subsheme of Gorenstein quotients whih, at least topologially and innitesimally, oinides
with PGor(H), the orresponding sheme of forms with ataletiant struture (see [22℄ or [23℄ for
details). B is alled unobstruted as a graded R-algebra if GradAlgH(R) is smooth at (R → B).
Similarly a losed subsheme Y of P is alled unobstruted if Hilbp(P) is smooth at (Y ⊂ P). By
[21℄, Thm. 3.6 and Rem. 3.7,
GradAlgH(R) ≃ Hilbp(P) at (Y ⊂ P) (8)
provided 0HomR(IB ,H
1
m
(B)) = 0 (e.g. provided depth
m
B ≥ 2, in whih ase (8) also follows from
[8℄). In partiular if the degree of p is positive, then the open subshemes of GradAlgH(R) (resp. of
Hilbp(P)) of Gorenstein quotients (resp. of AG subshemes) are isomorphi as shemes.
Similarly we let GradAlg(HB,HA) be the representing objet of the funtor deforming ags
(surjetions) B → A of graded quotients of R of positive depth (if B and/or A are non-Artinian)
and with Hilbert funtions HB and HA of B and A respetively. Let p be the seond projetion
p : GradAlg(HB ,HA)→ GradAlg
HA(R)
indued by sending (B′ → A′) onto (A′), and let q : GradAlg(HB ,HA) → GradAlg
HB (R) be the
rst projetion.
Denition 11. Let R → B be a graded quotient, let M be a graded B-module and let ϕ : M → B
be a homogeneous B-linear map. Let (T,mT ) → (S,mS) be a small Artin surjetion (i.e. of loal
Artinian k-algebras with residue elds k whose kernel a satises a ·mT = 0). A graded deformation
BS of B to S is a graded S-at quotient of R⊗k S satisfying BS ⊗S k ≃ B.
(i) (M,ϕ) is said to be unobstruted along any graded deformation of B if for every small Artin
T ։ S and for every graded deformation MS → BS (of S-at BS-modules) of M
ϕ
→ B to S, there
exists, for every graded deformation BT of BS to T , a graded deformation MT → BT over MS → BS
(i.e. a morphism of T-at BT -modules reduing to MS → BS via (−)⊗T S).
(ii) One orrespondingly denes (M,B) to be unobstruted along any graded deformation of
B by forgetting ϕ, i.e. by onsidering pairs (MS , BS) instead of MS → BS. The unobstrutedness
of (M,B) and (M(−s), B), s an integer, are obviously equivalent. Moreover a surjetion of graded
quotients of R, B → A, is unobstruted if every graded deformation BS → AS deforms further to T
for every small Artin T ։ S. Similarly a quotient A of R is unobstruted if every graded deformation
AS deforms further to T .
Note that we have dened unobstrutedness of graded objets by onsidering graded deformations
only. Moreover note that, in deforming quotients B and A of R to S the orresponding deformation
of R is always the trivial one (i.e. R⊗k S) while the deformations BS and AS need not be trivial.
Remark 12. Let T → S be a small Artin surjetion with kernel a. The obstrution of deforming a
graded BS-module MS (resp. a graded morphism MS → NS) to T sits in 0Ext
2
B(M,M) ⊗ a (resp.
0Ext
1
B(M,N)⊗a) and 0Ext
1
B(M,M)⊗a (resp. 0HomB(M,N)⊗a) orresponds to their set of graded
deformations respetively. For a generially omplete intersetion, R ։ B, its obstrutions sit in
0Ext
1
B(IB/I
2
B , B) ⊗ a. Note that, by denition, the vanishing of the obstrution is equivalent to the
existene of orresponding desired deformation.
Sine the whole deformation theory ts funtorially together (by e.g. Laudal's work on deforma-
tions of ategories in [29℄), we get in partiular
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Proposition 13. Let M be a nitely generated graded B-module.
(i) If ϕ : M → B is a B-module homomorphism and 0Ext
1
B(M,B) = 0, then (M,ϕ) is unob-
struted along any graded deformation of B if and only if (M,B) is unobstruted along any graded
deformation of B.
(ii) If 0Ext
2
B(M,M) = 0, then (M,B) is unobstruted along any graded deformation of B.
(iii) If 0Ext
1
B(M,M) = 0 and if for every loal Artinian k-algebra T with residue eld k and for
every graded deformation BT of B to T , there exists a graded deformation MT of M to BT , then
(M,B) is unobstruted along any graded deformation of B.
Proof. (i) If T → S is a small Artin surjetion (Denition 11), it follows from the exat sequene
0→ B ⊗k a→ BT → BS → 0
that 0HomBT (MT , BT ) → 0HomBS (MS , BS) is surjetive and hene that 0HomBS (MS , BS) →
0HomB(M,B) is surjetive by indution. This implies that ϕ lifts to deformations of M and B, and
we easily get (i). (Remark 12 may provide a quiker proof.)
Finally (ii) and (iii) follow from Remark 12. Here we leave a few details to the reader, remarking
only that for (iii) the assumption 0Ext
1
B(M,M) = 0 implies that an isomorphism MS → M
′
S of
deformations of M to BS lifts further to an isomorphism of given deformations of MS and M
′
S to
BT , i.e. all deformations of M to BS are isomorphi.
Example 14. Let B = R/IB be a graded n-dimensional lii quotient of R of odimension c and
suppose depthI(Z)B ≥ 2 where Y − Z is an l..i. in Proj(R).
i) Then (KB , B) is unobstruted along any graded deformation of B by Proposition 13(ii). Indeed
Proposition 13(iii) also applies beause KBT :=Ext
c
BT
(BT , RT (−n− c)) is a graded deformation of
KB to BT by [20℄, Prop. A1.
ii) If c = 2, then (IB/I
2
B , B) is unobstruted along any graded deformation of B by Proposi-
tion 13(ii) and Proposition 3. Moreover if depthI(Z)B ≥ 4 we will see in Setion 3 that (NB , B)
is unobstruted along any graded deformation of B beause the assumptions of Proposition 13(iii)
holds (here Proposition 13(ii) may not apply, f. Remark 42).
We will need the following result on how deformations of R → A is related to deformations
of R → B provided A ≃ B/IA/B is a graded quotient of B ([23℄, Thm. 5 and Rem. 6). To
state it, let U ⊂ GradAlgHA(R) be a suiently small open subset ontaining (A) and let p :
GradAlg(HB ,HA) → GradAlg
HA(R) be the seond projetion, i.e. given by p((B′ → A′)) = (A′).
Then the k-points of the subset p(p−1(U)) of U orrespond to quotients R → A′ with Hilbert
funtion HA for whih there exist some fatorization B
′ → A′ suh that B′ has Hilbert funtion
HB. We will all it a stratum of HB-fatorizations around (A), and dimU − dim p(p
−1(U)) the
odimension of the HB-stratum of A. At least if U is smooth, it is the ordinary odimension of
p(p−1(U)) in U . A is alled HB-generi if there is an open subset UA of GradAlg
HA(R) suh that
(A) ∈ UA ⊂ p(p
−1(U)). The HB-stratum of A at (B → A), (resp. its odimension), is dened to be
p(U ′) (resp. dimU −dim p(U ′)) where U ′ ⊂ p−1(U) is an open subset in the union of the irreduible
omponents of p−1(U) whih ontain (B → A), and (B → A) ∈ U ′. If (IA/B)v = 0 for v ≤ the
largest degree of the minimal generators of IB , then p|U ′ will be unramied and universally injetive
and the two onepts of odimension above oinide ([23℄, Lem. 7).
Theorem 15. Let R be a graded polynomial k-algebra, let B = R/IB ։ A ≃ B/IA/B be a
graded morphism of quotients of R and suppose 0H
2(B,A,A) = 0, depth
m
A ≥ min(1,dimA)
and depth
m
B ≥ min(1,dimB).
A) If 0Ext
1
B(IB/I
2
B , A) = 0 and (IB)℘ is syzygeti for any graded ℘ of Ass(A),
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then A is unobstruted as a graded R-algebra (indeed 0H
2(R,A,A) = 0), and
dim(A)GradAlg
HA(R) = 0homR(IB , B) + 0homB(IA/B , A)− 0homR(IB , IA/B)+
0ext
1
B(IB/I
2
B , IA/B)− 0ext
1
B(IB/I
2
B , B).
Moreover let B be unobstruted as a graded R-algebra, let k be of harateristi zero and suppose
(B → A) is general with respet to 0homR(IB , IA/B). Then the odimension of the HB-stratum of
A at (B → A) is
0ext
1
B(IB/I
2
B , IA/B)− 0ext
1
B(IB/I
2
B , B).
B) If 0Ext
1
B(IB/I
2
B , IA/B) = 0 and (IB)℘ is syzygeti for any graded prime ℘ of Ass(IA/B),
then A is HB-generi. Moreover A is unobstruted as a graded R-algebra if and only if B is unob-
struted as a graded R-algebra. Indeed
0homR(IA, A)− dim(A)GradAlg
HA(R) = 0homR(IB , B)− dim(B) GradAlg
HB (R), and
dim(A) GradAlg
HA(R) = dim(B) GradAlg
HB (R) + 0homB(IA/B , A) − 0homR(IB , IA/B) .
Remark 16. (i) Theorem 15 follows diretly from Thm. 5 and Rem. 6 of [23℄. Moreover one may
replae the assumption  0Ext
1
B(IB/I
2
B , IA/B) = 0 and (IB)℘ syzygeti for any graded prime ℘ of
Ass(IA/B) of Theorem 15B) by  0Ext
1
R(IB , IA/B) = 0 and onlude exatly as in Theorem 15B)
beause, what's needed to prove part B) is 0H
2(R,B, IA/B) = 0 (f. the proof of Thm. 5 of [23℄).
Sine we in general have an injetion 0H
2(R,B, IA/B) →֒ 0Ext
1
R(IB , IA/B), we get the laim.
(ii) To nd the odimension of HB-stratum of A at (B → A), the proof of [23℄, Thm. 5 uses
generi smoothness. Indeed it omputes the dimension of the image p(U ′), see the text before The-
orem 15 above, in terms of the dimension of GradAlg(HB ,HA) at (B → A), and the dimension,
0homR(IB , IA/B), of a general ber. Unfortunately the word general, i.e. the assumption (B → A)
is general with respet to 0homR(IB , IA/B) is missing in [23℄, Thm. 5 as well as in Theorem 15
of the published version, [Collet. Math. 58, 2 (2007), 199-238℄, of this paper. Indeed it is easily
seen from the proof in [23℄ (f. [23℄, Prop 4(i)) that we may suppose U ′ above is a smooth irreduible
sheme suh that the restrition of the rst projetion q : GradAlg(HB ,HA) → GradAlg
HB (R),
q((B′ → A′)) = (B′), to U ′ is a smooth morphism. Hene if we let (B → A) is general with respet
to 0homR(IB, IA/B) mean that, for a given (B → A), 0homR(IB , IA/B) obtains its least possi-
ble value in U ′, or equivalently that 0homR(IB , IA/B) = 0homR(IB′ , IA′/B′) for every (B
′ → A′)
in an open neighbourhood of (B → A) in U ′, the proof is omplete. Note that this assumption of
generality is always satised if 0homR(IB , IA/B) = 0, in whih ase we do not need to suppose
char(k) = 0 either beause then p|U ′ is unramied. In partiular in [23℄; Theorem 1, Proposition
13, Theorem 16 (and hene in Theorem 23 of [Collet. Math. 58, 2 (2007), 199-238℄), for the
odimension statement in the A)-part of the results we need to assume that (B) is general with
respet to −shomR(IB ,KB), i.e. that −shomR(IB ,KB) obtains its least possible value in the open
subset q(U ′) of GradAlgHB (R), sine we in this appliation use [23℄, Thm. 5 with IA/B := KB(−s).
Several results of the published version of this paper in Collet. Math. 58, 2 (2007), 199-238, as
well as the rst version of this paper on the arXiv, i.e. Thm. 1, Cor. 18, Cor. 20, Thm. 25, Thm.
30, Cor. 37 and Cor. 44, use Theorem 15 and lak the generality assumption on (B → A) above
whih is needed for the validity of the odimension statements of the strata. In this version all
these results are orreted, and in the examples where the odimensions of the strata are stated and
omputed, one may hek that 0homR(IB , IA/B) = 0, so no orretions are needed there.
The following lemma is a slight improvement of [23℄, Lem. 15 whih we will need to transform
Theorem 15 into a result on a Gorenstein quotient of a CM algebra.
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Lemma 17. Let B be a graded CM quotient of R and let A ≃ B/IA/B be Gorenstein suh that the
anonial module KA ≃ A(j) and dimB − dimA = r. We have
(i) If r > 0 ( resp. r = 0 ), then 0H
2(B,A,A) = 0 if and only if −j Ext
r
B(S2(IA/B),KB) = 0
(resp. i the natural map −j HomB(IA/B ,KB)→−j HomB(S2(IA/B),KB) is surjetive).
(ii) 0homB(IA/B , A) = −j ext
r
B(B/I
2
A/B ,KB) − 1 for any r ≥ 0. Moreover if r ≥ 2, then
0homB(IA/B , A) = −j ext
r−1
B (S2(IA/B),KB)− 1 .
(iii) Let dimA = 0. If the surjetion S2(IA/B)j → (I
2
A/B)j is an isomorphism, then 0H
2(B,A,A) =
0 and 0homB(IA/B , A) = dimBj − dimS2(IA/B)j − 1. In partiular if S2(IA/B)j = 0, then
0H
2(B,A,A) = 0 and 0homB(IA/B , A) = dimBj − 1.
Proof. (i) By [23℄, Lemma 15 (whose proof is quite lose to the proof below), we get the vanishing of
0H
2(B,A,A) from 0Ext
r
B(S2(IA/B),KB(−j)) = 0, and onversely if r > 0. By paying a little extra
attention to the ase r = 0 we get (i).
(ii) We have by A ≃ KA(−j) and Gorenstein duality (applied to both A and B) that
0HomA(IA/B/I
2
A/B , A) ≃ jH
dimA
m
(IA/B/I
2
A/B)
∨ ≃ −jExt
r
B(IA/B/I
2
A/B ,KB).
Moreover sine ExtrB(A,KB) ≃ HomA(A,KA) ≃ A(j) and Ext
r−i
B (D,KB) = 0 for i > 0 provided
D is an A-module, we get 0homB(IA/B , A) =−j ext
r
B(B/I
2
A/B ,KB) − 1 by the long exat sequene
of Hom(−,KB) applied to 0→ IA/B/I
2
A/B → B/I
2
A/B → A→ 0. Moreover applying Hom(−,KB)
onto 0 → I2A/B → B → B/I
2
A/B → 0, we get −j Ext
r
B(B/I
2
A/B ,KB) ≃ −j Ext
r−1
B (I
2
A/B ,KB)
provided r > 1. Sine the kernel of the surjetion S2(IA/B) → I
2
A/B is an A-module (namely
H2(B,A,A), f. [31℄, Setion 2.1), we get Ext
r−1
B (I
2
A/B ,KB) ≃ Ext
r−1
B (S2(IA/B),KB) and we have
(ii).
(iii) If dimA = 0 and the surjetion S2(IA/B)j → (I
2
A/B)j is an isomorphism, we get dimB = r
and jH2(B,A,A) = 0 and hene
−j Ext
r
B(S2(IA/B),KB)
∨ ≃ jH
0
m
(S2(IA/B)) ≃ jH
0
m
(I2A/B)
by Gorenstein duality. If r > 0 (resp. r = 0), the last group vanishes (resp. injets into j H
0
m
(IA/B)).
Hene we get 0H
2(B,A,A) = 0 by (i) and sine −j Ext
r
B(B/I
2
A/B ,KB)
∨ ≃ jH
0
m
(B/I2A/B) = (B/I
2
A/B)j ,
we onlude by (ii) and by assumption.
Corollary 18. Let B = R/IB be Cohen-Maaulay and let A ≃ B/IA/B be a graded Gorenstein
quotient suh that KA ≃ A(j) and dimB − dimA = r. If
(i) 0Ext
1
B(IB/I
2
B , B) = 0 and (IB)℘ is syzygeti for any graded ℘ of Ass(A) ∪Ass(B),
(ii) −jExt
r
B(S2(IA/B),KB) = 0, and
(iii) 0Ext
2
B(IB/I
2
B , IA/B) = 0,
then A is unobstruted as a graded R-algebra (indeed 0H
2(R,A,A) = 0). Moreover, if r ≥ 2, then
dim(A)GradAlg
HA(R) = 0homR(IB , B) +−j ext
r−1
B (S2(IA/B),KB)− 1− δ(IA/B)0
where δ(IA/B)0 := 0homR(IB , IA/B)− 0ext
1
B(IB/I
2
B , IA/B). Furthermore if char(k) = 0 and (B →
A) is general with respet to 0homR(IB , IA/B), then the odimension of the HB-stratum of A at
(B → A) is 0ext
1
B(IB/I
2
B , IA/B).
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Proof. By (i) we have that B is unobstruted. Moreover (i), (iii) and the long exat sequene of
HomB(IB/I
2
B ,−) applied to 0 → IA/B → B → A → 0 show the rst line of assumptions of
Theorem 15A). Hene we onlude by Lemma 17.
Remark 19. We get vH
2(R,A,A) = 0 by twisting the three ExtiB-vanishing assumptions of Corol-
lary 18 by v beause Theorem 15A) admits suh a generalization (f. [23℄, Rem. 6(a)).
Corollary 20. Let B = R/IB be Cohen-Maaulay and let A ≃ B/IA/B be a graded Artinian
Gorenstein quotient suh that KA ≃ A(j) and dimB − dimA = r. If
(i) 0Ext
1
B(IB/I
2
B , B) = 0 and (IB)℘ is syzygeti for any graded ℘ of Ass(A) ∪Ass(B),
(ii) dimS2(IA/B)j = dim(I
2
A/B)j , and
(iii) 0Ext
2
B(IB/I
2
B , IA/B) = 0,
then A is unobstruted as a graded R-algebra (indeed 0H
2(R,A,A) = 0), and
dim(A) PGor(HA) = 0homR(IB , B) + dimBj − dimS2(IA/B)j − 1− δ(IA/B)0
where δ(IA/B)0 := 0homR(IB , IA/B)− 0ext
1
B(IB/I
2
B , IA/B). Furthermore if char(k) = 0 and (B →
A) is general with respet to 0homR(IB , IA/B), then the odimension of the HB-stratum of A at
(B → A) is 0ext
1
B(IB/I
2
B , IA/B).
The proof is similar to the preeding Corollary. Note that if B is a .i. and (IA/B)v = 0 for
v ≤ j/2, then all assumptions of Corollary 20 are satised. Hene [18℄, Thm. 4.17 is generalized by
Corollary 20 and we get in addition that PGor(HA) is generially smooth along the omponent of
[18℄, Thm. 4.17.
Remark 21. If the Gorenstein algebra A is given by (5), then ondition (iii) of Corollary 18 and
20 is satised provided
0Ext
i+1
B (IB/I
2
B ,Mi(−is)) = 0 for 1 ≤ i ≤ r (9)
letting M1 =M . Indeed splitting the exat sequene (5) into short exat sequenes, we get
0→ Zi →Mi(−is)→ Zi−1 → 0
where Zi = ker(Mi(−is) → Mi−1((1 − i)s)) for i ≥ 1 and Z0 = IA/B. Suessively apply-
ing 0Ext
i+1
B (IB/I
2
B ,−) onto this sequenes and using (9) we get 0Ext
i+1
B (IB/I
2
B , Zi−1) = 0 from
0Ext
i+1
B (IB/I
2
B ,Mi(−is)) = 0 and 0Ext
i+2
B (IB/I
2
B , Zi) = 0, i.e. we get (iii) beause Zr−1 =
Mr(−rs).
It is desirable to weaken the general assumption 0H
2(B,A,A) = 0 of Theorem 15. In the appendix
we prove a nie result, Theorem 47, on deformations of the degeneray lous of a regular setion of
a maximal CM sheaf, whih leads to a variation of Theorem 15B) (Theorem 22 below) in whih the
mentioned assumption is replaed by assumptions loser to set-up of Theorem 8. The main idea of
the proof of Theorem 47 and hene of Theorem 22 is to use the omplete intersetion property (in
large enough open subset) of a regular setion to ontrol all deformations of the degeneray lous.
Sine the proofs are probably of most interest only for speialists in deformation theories, we delay
them to the appendix. For the ase r = 1 and depthI(Z)B = 1, whih requires speial attention, we
refer to [23℄.
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Theorem 22. Let R be a nitely generated polynomial k-algebra, let B = R/IB be a graded Cohen-
Maaulay quotient of R of odimension c, and let M be a nitely generated graded maximal Cohen-
Maaulay B-module. Let Y = Proj(B), let Z be a losed sheme suh that dimB − dimB/I(Z) ≥
max(r, 2) and let U = Y − Z. Let A be dened by a regular setion σ of M˜∗(s) on U , i.e. given by
(5). Let Mi = H
0
∗(U,∧
iM˜) for i ≥ 0, and suppose M˜ |U is loally free (of rank r > 0) and
∧rM˜ |U ≃ K˜B(t)|U (for some integer t).
Moreover suppose Mi are maximal Cohen-Maaulay B-modules for 2 ≤ i ≤ r/2. If
(i) 0Ext
i
B(M,Mi(−(i− 1)s)) = 0 for 2 ≤ i ≤ r − 1, and
(ii) (M(−s), σ) is unobstruted along any graded deformation of B, and
(iii) either 0Ext
i
B(IB/I
2
B ,Mi(−is)) = 0 for 1 ≤ i ≤ r and (IB)℘ is syzygeti for any ℘ of Ass(B),
or 0Ext
i
R(IB ,Mi(−is)) = 0 for 1 ≤ i ≤ r,
then 0homR(IB , B) − dim(B) GradAlg
HB (R) = 0homR(IA, A) − dim(A)GradAlg
HA(R), A is
HB-generi and Gorenstein, and
dim(A) GradAlg
HA(R) = dim(B) GradAlg
HB (R) + 0homB(IA/B , A) − 0homR(IB , IA/B).
Moreover A is unobstruted as a graded R-algebra if and only if B is unobstruted as a graded
R-algebra.
Fortunately, by results of the next setions we will see that many of the Ext-groups of Corollary 18
and Theorem 22 vanish, and that the dimension formula turns out to be omputable, provided we
apply it to a lii quotient B of R of small enough odimension.
2 Families of Gorenstein quotients of low odimension on Cohen-
Maaulay algebras
An important issue of this paper is to study families of graded Gorenstein quotients A obtained by
taking regular setions of the dual of a maximal Cohen-Maaulay sheaf of rank r, i.e. quotients given
by Theorem 8. In the following we will see how Corollary 18 and Theorem 22 enable us to treat the
low rank ases r ≤ 3 on a lii sheme satisfatorially. The dierent values of r, 1 ≤ r ≤ 3, require
speial attention and lead to the three theorems of this setion.
The ase r = 1 was onsidered in [23℄. There we proved the following result in whih NB :=
HomB(IB/I
2
B , B) and K
∗
B := HomB(KB , B) ≃ HomB(S2(KB),KB). The onlusions below about
when the odimension of the stratum is zero overlap results proved by others ([4℄, Thm. 3.2, f.
[15℄, Thm. 3.5). Note that we say the stratum of quotients given by (10) around or at (A) for the
HB-stratum of A at (B → A) provided any (B
′ → A′) in a small enough open neighbourhood of
(B → A) in GradAlg(HB ,HA) is given by (10).
Theorem 23. Let B = R/IB be a generially Gorenstein, graded Cohen-Maaulay quotient of a
polynomial ring R, and let A be a graded odimension one quotient of B, given by an exat sequene
0→ KB(−s)→ B → A→ 0 , s an integer . (10)
A) If B is lii, then A is unobstruted as a graded R-algebra (indeed H2(R,A,A) = 0), A is
Gorenstein and,
dim(A)GradAlg
HA(R) = dim(B) GradAlg
HB (R) + dim(K∗B)s − 1− δ(KB)−s
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where δ(KB)−s = −s homB(IB/I
2
B ,KB) − −s ext
1
B(IB/I
2
B ,KB). Moreover if har(k) = 0 and (B)
is general with respet to −shomB(IB/I
2
B ,KB), then the odimension of the stratum of quotients
given by (10) around (A) is −s ext
1
B(IB/I
2
B ,KB).
B) If s >> 0 and Proj(B) is loally lii, then A is Gorenstein and the odimension of the
stratum of quotients given by (10) around (A) is zero (so A is HB-generi), and
dim(A)GradAlg
HA(R) = dim(B) GradAlg
HB(R) + dim(K∗B)s − 1.
Moreover A is unobstruted as a graded R-algebra i B is unobstruted as a graded R-algebra.
Example 24. (Arithmetially Gorenstein urves Proj(A) in P5, obtained by (10).) Let R be a
polynomial ring in 6 variables, and let Y = Proj(B) be a generially Gorenstein ACM-surfae with
resolution
0→ R(−7)3 → R(−6)3 ⊕R(−5)3 → R(−3)4 → IB → 0
and Hilbert funtion HB(v) = 19
(v+1
2
)
− 26v + 16, v ≥ 2. We may obtain B by taking a .i. B′ of
type (2, 2, 2) and linking it to B via some .i. of type (3, 3, 3). Sine the linkage result, Prop. 33 of
[23℄, onnets all invariants of B, appearing in Theorem 23, to the orresponding invariants of B′
and sine NB′ ≃ B
′(2)⊕3, HomB′(IB′/I
2
B′ ,KB′) ≃ KB′(2)
⊕3
and KB′ ≃ B
′
, we get by [23℄ Prop. 33
that dim(NB)0 = dim(NB′)0 + 3HB(3)− 3HB′(3) = 96 , and that
dim(K∗B)v = dimBv−3 + 3dim(IB/D)v − δ(KB′)v−6 = 67 + (19v
2 − 99v)/2
beause δ(KB′)v = v homB′(IB′/I
2
B′ ,KB′). Similarly, δ(KB)v−6 = dimB
′
v−3 + 3dim(IB′/D)v −
dim(K∗B′)v. Hene we get δ(KB)v = 0 for v ≤ −7 and (δ(KB)−5, δ(KB)−6) = (−6,−1). Let
A be dened by (10) for s ≥ 5, so X = Proj(A) is an AG urve in P5 with Hilbert polynomial
pX(v) = (19s − 33)v − s(19s − 33)/2. Then A is unobstruted by Theorem 23 and (f. (8)),
dim(A)GradAlg
HA(R) = dim(X) Hilb
pX (P5) = 162 + (19s2 − 99s)/2 − δ(KB)−s ,
where −s ext
1
B(IB/I
2
B ,KB) = −δ(KB)−s represents the odimension of quotients given by (10) at
(A).
In the following we onentrate on the ase r > 1, notably r = 2. If r = 2, then Theorem 8
provides us with an exat sequene
0→ KB(t− 2s)→M(−s)
σ
→ B → A→ 0 , (11)
and we have M ≃ HomB(M,KB)(t). We dene γ(S2M)v by
γ(S2M)v = vhomB(S2(M),KB(t))− vext
1
B(S2(M),KB(t)) .
Note that if char(k) 6= 2, then we get an exat sequene 0→ HomB(S2(M),KB(t))→ HomB(M,M)→
B → 0 from the split exat sequene 0→ ∧2M →M ⊗M → S2(M)→ 0 and (3). The split exat
sequene and (3) also lead to isomorphisms
ExtiB(M,M) ≃ Ext
i
B(S2(M),KB(t)) for i = 1 (resp. i = 2) (12)
provided depthI(Z)B ≥ 3 (resp. depthI(Z)B ≥ 4). Indeed if depthI(Z)B ≥ 3 say, we have
Ext1B(M,M) ≃ Ext
1
OU
(M˜ |U , M˜ |U ) ≃ Ext
1
OU
(M˜ ⊗ M˜∗ ⊗ K˜B |U , K˜B |U ) ≃ Ext
1
B(S2(M),KB(t))
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where we have used
˜(M∗ ⊗KB)|U ≃ M˜(−t)|U whih follows from M ≃ HomB(M,KB)(t). Hene if
depthI(Z)B ≥ 3 and char(k) 6= 2, then γ(S2M)v is given by
γ(S2M)v = vhomB(M,M) − vext
1
B(M,M) − dimBv.
If Q is a nitely generated B-module, we dene δ(Q)v as previously by
δ(Q)v = vhomB(IB/I
2
B , Q)− vext
1
B(IB/I
2
B , Q) .
If A is a quotient of B given by Theorem 8 and hene dened by (11), then a stratum of
quotients given by (11) around (A) is of the form p(W ), p : GradAlg(HB,HA)→ GradAlg
HA(R) the
seond projetion, where W is a maximal losed subset of a small enough open ane neighbourhood
of (B → A) in GradAlg(HB ,HA), onsisting of quotients (B
′ → A′) for whih there exists an
extension ξ′ : 0 → KB′(t − 2s) → M
′(−s) → IA′/B′ → 0 whih is indued by a regular setion
of some M˜ ′|U ′ as in Theorem 8 (M˜ ′|U ′ loally free and Proj(B
′) − U ′ of odimension at least
two). Moreover if (BW → AW ) is the pullbak to W of the universal element of GradAlg(HB ,HA)
and IAW /BW = ker(BW → AW ), then there is an element ξW ∈ Ext
1
BW
(IAW /BW ,KBW (t − 2s))
whose obvious pullbaks are ξ′ above and the extension given by (11). Note that if W is open in
GradAlg(HB ,HA), then the stratum dened above oinides with the HB-stratum of A at (B → A).
Theorem 25. Let B = R/IB be a graded lii quotient of R, let M be a graded maximal Cohen-
Maaulay B-module, and suppose M˜ is loally free of rank 2 in U := Proj(B) − Z, that dimB −
dimB/I(Z) ≥ 2 and ∧2M˜ |U ≃ K˜B(t)|U . Let A be dened by a regular setion σ of M˜
∗(s) on U ,
i.e. given by (11) and suppose sExt
1
B(M,B) = 0.
A) If tExt
2
B(S2(M),KB) = 0 and −sExt
2
B(IB/I
2
B ,M) = 0 ,
then A is unobstruted as a graded R-algebra (indeed 0H
2(R,A,A) = 0), A is Gorenstein, and
dim(A) GradAlg
HA(R) = dim(NB)0 + dim(M
∗)s − 1− γ(S2M)0 + dim(KB)t−2s + δ(KB)t−2s − δ(M)−s.
Moreover if char(k) = 0 and (B → A) is general with respet to 0homR(IB , IA/B), then the
odimension of the HB-stratum of A at (B → A) is
0ext
1
B(IB/I
2
B , IA/B) = −sext
1
B(IB/I
2
B ,M)− dim(im β)
where β is the homomorphism −2sExt
1
B(IB/I
2
B ,KB(t)) → −sExt
1
B(IB/I
2
B ,M) indued by (11).
This odimension also equals the odimension of the stratum of quotients given by (11) around (A).
B) If (M,B) is unobstruted along any graded deformation of B and −sExt
1
B(IB/I
2
B ,M) = 0,
then A is Gorenstein and the stratum of quotients given by (11) around (A) is open in GradAlgHA(R)
(so A is HB-generi). Moreover A is unobstruted as a graded R-algebra and the dimension formula
for dim(A)GradAlg
HA(R) of part A) holds.
Remark 26. i) Looking to the proof below we an weaken the assumption B is a lii quotient of
Theorem 25B) to B is a generially syzygeti unobstruted CM quotient satisfying 0Ext
2
B(IB/I
2
B ,KB(t−
2s)) = 0, and onlude as in Theorem 25B).
ii) The most natural vanishing ondition for −sExt
1
B(IB/I
2
B ,M) in Theorem 25B) seems to be
s ≥ maxn2,j−a where maxn2,j is the largest degree of a minimal relation of IB (f. (4)) and a is an
integer whih satisesMv = 0 for v ≤ a. In this ase we get −sHomR(IB ,M) = −sExt
1
R(IB ,M) = 0
and hene δ(M)−s = 0. Sine KB(t)v = 0 for v ≤ a − s by (11) we get −2sExt
i
R(IB ,KB(t)) = 0
for i ≤ 1 and δ(KB)t−2s = 0, as well as dim(KB)t−2s = 0. It follows that
dim(A) GradAlg
HA(R) = dim(NB)0 + dim(M
∗)s − 1− γ(S2M)0.
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iii) Arguing as in ii) one shows −vExt
i
B(IB/I
2
B ,KB) = 0 for i ≤ 1 and hene δ(KB)−v = 0
provided v > maxnc,i +maxn2,i − n− c, e.g. provided v > 2 reg(IB)− n.
Remark 27. If dimB − dimB/I(Z) ≥ 4 we an replae GradAlgHA(R) by Hilbp(P) in all onlu-
sions, obviously modied ( A by Proj(A) et.), of Theorem 25 by (8), f. Remark 49.
Proof. A) We need to verify the assumptions of Corollary 18. Sine B is lii and generially Goren-
stein (K˜B(t)|U is loally free), one knows that Ext
1
B(IB/I
2
B , B) = 0 ([5℄) and Ext
i
B(IB/I
2
B ,KB) = 0
for i ≥ 2 ([31℄, Thm.4.2.6), and that IB is syzygeti (see [23℄, proof of Thm. 16). It follows from
Lemma 28 below and Remark 21 that all assumptions of Corollary 18 hold. To see that the dimen-
sion formulas of GradAlgHA(R) in Theorem 25 and Corollary 18 oinide, we use (11) and we get
that δ(IA/B)0 = δ(M)−s − δ(KB)t−2s as well as
0ext
1
B(IB/I
2
B , IA/B) = −sext
1
B(IB/I
2
B ,M)− dim(imβ).
Then we onlude by Lemma 28. For the nal odimension statement, we refer to Lemma 29.
B) A generially Gorenstein lii quotient is generially syzygeti (f. [23℄, proof of Thm. 16)
and satises 0Ext
2
B(IB/I
2
B ,KB(t − 2s)) = 0. Hene we get Theorem 25B) from Proposition 13(i)
and Theorem 22, sine the dimension formulas of Theorem 25 oinide with that in Theorem 22 by
Lemma 28 and Lemma 29 (see part A) of the proof).
Lemma 28. Let B be Cohen-Maaulay, let M and Z be as in (the three rst lines of) Theorem 25
and let A ≃ B/IA/B be given by (11) (so r = dimB− dimA = 2 and KA ≃ A(j) where j = 2s− t).
If sExt
1
B(M,B) = 0, then
0homB(IA/B , A) = dim(M
∗)s − 1− γ(S2M)0 + dim(KB)t−2s.
If in addition tExt
2
B(S2(M),KB) = 0, then −jExt
2
B(S2(IA/B),KB) = 0, i.e. 0H
2(B,A,A) = 0.
Proof. To show the dimension formula we remark that 0homB(IA/B , A) =−jext
1
B(S2(IA/B),KB)−1
by Lemma 17. Moreover note that there exists an exat sequene
M ⊗KB(t− 3s)→ S2(M(−s))→ S2(IA/B)→ 0 (13)
whose leftmost map beomes injetive if we sheafy and restrit to U . (Indeed ∧2K˜B |U = 0, or if we
prefer, the morphism U ∩Proj(A) →֒ Proj(B) is an l..i.). Let MK := ker(S2(M(−s))→ S2(IA/B))
and ∧ := ker(M ⊗KB(t − 3s) → MK). Sine ∧ is supported at Z, we get HomB(∧,KB) = 0. It
follows that HomB(MK,KB) ≃ HomB(M ⊗KB(t− 3s),KB) and that
t−2sExt
1
B(MK,KB) ⊆ t−2sExt
1
B(M ⊗KB(t− 3s),KB) ≃ 0Ext
1
B(M(−s), B) = 0.
Hene (13) indues a long exat sequene (i.e. exat in degree t− 2s)
...→ HomB(M(t− 3s), B)→ Ext
1
B(S2(IA/B),KB)→ Ext
1
B(S2(M(−s)),KB)→ 0. (14)
Sine it is easy to see that the sole degree j of A is j = 2s − t from (11), we get the onlusion
by ounting dimensions in (14) in degree t − 2s and by observing that HomB(S2(IA/B),KB) ≃
HomB(I
2
A/B ,KB) ≃ HomB(IA/B ,KB) ≃ KB. Indeed these isomorphisms follow from the fat that
ker(S2(IA/B)→ I
2
A/B) and coker(I
2
A/B →֒ IA/B) are A-modules (see the proof of Lemma 17).
By Lemma 17, we get 0H
2(B,A,A) ≃ −jExt
2
B(S2(IA/B),KB). Now ontinuing the exat se-
quene (14) we get an injetion −jExt
2
B(S2(IA/B),KB) →֒ t−2sExt
2
B(S2(M(−s)),KB) and we on-
lude easily.
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Lemma 29. Let B be Cohen-Maaulay, let M and Z be as in (the three rst lines of) Theorem 25
and let A ≃ B/IA/B be given by (11) (so r = dimB − dimA = 2 and KA ≃ A(2s − t)). Then
the HB-stratum of A at (B → A) and the stratum of quotients given by (11) around (A) oinide.
Moreover if 0Ext
1
B(IB/I
2
B , IA/B) = 0, then the mentioned strata are open in GradAlg
HA(R).
Proof. To see that the HB-stratum and the stratum of quotients given by (11) oinide, it sues
to show that any (B′ → A′) in a small enough open neighbourhood of t := (B → A) in G :=
GradAlg(HB ,HA) is given by (11). Let (S,mS) be the loal ring of G at t and let Si = S/m
i
S. Sine
G is a sheme of nite type whih represents the orresponding funtor of graded at quotients, there
exists a universal quotient whose pullbak to Spec(S) is denoted by BS → AS (with kernel IAS/BS ,
at over S). Sine KBS := Ext
c
RS
(BS , RS(−n−c)) where RS := R⊗kS, is S-at (f. [20℄, Prop.A1),
it sues to show that the natural map tExt
1
BS
(IAS/BS ,KBS (−2s)) → tExt
1
B(IA/B ,KB(−2s)) is
surjetive beause then, there is an extension of IAS/BS by KBS (t−2s) over S, whih redues to the
given extension of IA/B by KB(t−2s), and whih extends to extensions in an open neighbourhood of
t in G (the assumptions of Theorem 8 needed to get (11), i.e. M˜ ′|U ′ is loally free and Proj(B
′)−U ′
is of odimension at least two is quite easy to get. Note that the maximal Cohen-Maaulayness
of M ′ may be dedued from the extension). To show the surjetivity, let FS be a graded BS-
free module whih surjets into IAS/BS , and let QS := ker(FS → IAS/BS ). Let QSi := QS ⊗S Si
and Q := QS ⊗S k. A simple diagram hasing shows that it sues to prove the surjetivity of
tHom(QS ,KBS (−2s)) → tHom(Q,KB(−2s)). As in the proof of [23℄, Prop. 13, it sues to show
that
ηi : tHom(QSi ,KBSi (−2s))→ tHom(QSi−1 ,KBSi−1 (−2s))
is surjetive. Sine Ext1B(Q,KB) ≃ Ext
2
B(IA/B ,KB) = 0, this follows by applying t−2sHom(QSi ,−)
onto 0 → B ⊗k a → BSi → BSi−1 → 0 where a := m
i−1
S /m
i
S , i.e. we get the surjetivity of ηi from
tExt
1
B(Q,KB(−2s)) = 0 and we get what we want. Finally note that by Prop. 4(ii) and (5) of [23℄
the assumption 0Ext
1
B(IB/I
2
B , IA/B) = 0 implies that the seond projetion GradAlg(HB ,HA) →
GradAlgHA(R) maps small enough open sets of (B → A) to open sets of (A) and we are done.
Sine we need some vanishing results on Ext-groups to use Theorem 25 eetively, we will delay
spei examples to the next setion. Instead we onsider the rank 3 ase whih will allow us to
treat ertain Gorenstein families of odimension 5 or more. Here there are even more Ext-groups
involved. Fortunately they all vanish for good modules on lii shemes. Now if r = 3, then
Theorem 8 provides us with an exat sequene
0→ KB(t− 3s)→M
∨(t− 2s)→M(−s)→ B → A→ 0 , (15)
where M∨ = HomB(M,KB). Let
γ(S2M)v = vhomB(S2(M),KB(t))− vext
1
B(S2(M),KB(t)) + vext
2
B(S2(M),KB(t))
(one more term than in the rank 2 ase !), let γ(M,M)v = vhomB(M,M) − vext
1
B(M,M) while
let δ(Q)v = vhomB(IB/I
2
B , Q)− vext
1
B(IB/I
2
B , Q) be as previously.
Theorem 30. Let B = R/IB be a graded lii quotient of R, let M be a graded maximal Cohen-
Maaulay B-module, and suppose M˜ is loally free of rank 3 in U := Proj(B) − Z, that dimB −
dimB/I(Z) ≥ 3 and ∧3M˜ |U ≃ K˜B(t)|U . Let A be dened by a regular setion σ of M˜
∗(s) on U ,
i.e. given by (15) and suppose sExt
1
B(M,B) = 0.
A) If 0Ext
2
B(M
∨ ⊗ M,KB) = −sExt
3
B(S2(M),KB(t)) = 0 and −sExt
2
B(IB/I
2
B ,M) =
16
−2sExt
3
B(IB/I
2
B ,M
∨(t)) = 0 , then A is unobstruted as a graded R-algebra (indeed 0H
2(R,A,A) =
0), A is Gorenstein, and
dim(A)GradAlg
HA(R) = dim(NB)0 + dim(M
∗)s + γ(S2M)−s − γ(M,M)0 − dim(KB)t−3s − δ ,
where
δ := δ(M)−s + δ(KB)t−3s − δ(M
∨)t−2s −−2s ext
2
B(IB/I
2
B ,M
∨(t)).
Moreover if char(k) = 0 and (B → A) is general with respet to 0homR(IB , IA/B), then the odi-
mension of the HB-stratum of A at (B → A) is
0ext
1
B(IB/I
2
B , IA/B) = −sext
1
B(IB/I
2
B ,M) + −2s ext
2
B(IB/I
2
B ,M
∨(t))− dim(imβ)
where β is the homomorphism −2sExt
1
B(IB/I
2
B ,M
∨(t))→ −sExt
1
B(IB/I
2
B ,M) indued by (15).
B) If (M,B) is unobstruted along any graded deformation of B and −sExt
2
B(M,M
∨(t)) =
−sExt
2
B(S2(M),KB(t)) = 0 and −sExt
1
B(IB/I
2
B ,M) = −2sExt
2
B(IB/I
2
B ,M
∨(t)) = 0, then A is
Gorenstein and HB-generi. Moreover A is unobstruted as a graded R-algebra and the dimension
formula for dim(A)GradAlg
HA(R) of part A) holds (this formula simplies a little due to the assumed
vanishing of the Ext-groups).
Remark 31. i) Using (3) one may see that −sExt
2
B(M,M
∨(t)) ≃ −sExt
2
B(S2(M),KB(t)) provided
depthI(Z)B ≥ 4 and char(k) 6= 2, f. the assumptions of Theorem 30B).
ii) Moreover one may replae −sExt
1
B(IB/I
2
B ,M) = −2sExt
2
B(IB/I
2
B ,M
∨(t)) = 0 in Theo-
rem 30B) by
−sExt
1
R(IB ,M) = −2sExt
2
R(IB ,M
∨(t)) = 0
and still onlude as in Theorem 30B). This follows from Theorem 22. This variation is partiularly
useful if the odimension of B in R is 2, in whih ase Ext2R(IB ,M
∨(t)) vanishes. A natural
vanishing ondition for −sExt
1
R(IB ,M) is again s ≥ maxn2,j−a where maxn2,j is the largest degree
of a minimal relation of IB and a is an integer whih satises Mv = 0 for v ≤ a. In this ase we
get −sExt
i
R(IB ,M) = 0 for i = 0, 1 and hene δ(M)−s = 0.
Lemma 32. Let B be Cohen-Maaulay, let M and Z be as in (the three rst lines of) Theorem 30
and let A ≃ B/IA/B be given by (15) (so r = dimB − dimA = 3 and KA ≃ A(j) where j = 3s− t)
and suppose sExt
1
B(M,B) = 0.
A) If 0Ext
2
B(M
∨ ⊗M,KB) = 0, then
0homB(IA/B , A) = dim(M
∗)s + γ(S2M)−s − γ(M,M)0 − dim(KB)t−3s
If in addition −sExt
3
B(S2(M),KB(t)) = 0, then −jExt
3
B(S2(IA/B),KB) ≃ 0H
2(B,A,A) = 0.
B) If −sExt
2
B(S2(M),KB(t)) = 0 then 0homB(IA/B , A) is given as in part A).
Proof. A) Thanks to Lemma 17 we have 0homB(IA/B , A) =−jext
2
B(S2(IA/B),KB)− 1. To ompute
−jext
2
B(S2(IA/B),KB), we look to the exat sequene
M∨ ⊗M(t− 3s)→ S2(M(−s))→ S2(IA/B)→ 0 (16)
where one knows that the kernel of M˜∨ ⊗M(t−3s)|U → S˜2(M)(−2s)|U is (∧
2M˜∨(2t−4s)⊕K˜B(t−
3s))|U (U ∩ Proj(A) →֒ Proj(B) is an l..i.). Let M
∨M := ker(S2(M(−s)) → S2(IA/B)). Sine
∧2M˜∨|U ≃ M˜ ⊗ K˜B(−t)|U , we have an exat sequene
0→ (K˜B(t− 3s)⊕ (M˜ ⊗ K˜B)(t− 4s))|U → M˜∨ ⊗M(t− 3s)|U → M˜∨M |U → 0
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to whih we apply Hom(−, K˜B |U ). Sine Ext
i
B(−, N) ≃ Ext
i
OU
(−˜|U , N˜ |U ) for i ≤ 1 for every
maximal CM module N by (3), we get a long exat sequene starting as
0→ HomB(M
∨M,KB(−j))→ HomB(M
∨ ⊗M(t− 3s),KB(−j))→ HomB(KB ,KB)⊕H → ...
where H := HomB(M ⊗ KB(t − 4s),KB(−j)) ≃ HomB(M(−s), B) and stopping at 0Ext
1
B(M ⊗
KB(t− 4s),KB(−j)) ≃ sExt
1
B(M,B) = 0. Noting that
0Ext
i
B(M
∨ ⊗M,KB) ≃ Ext
i
OU
(M˜∗ ⊗ K˜B ⊗ M˜ |U , K˜B |U ) ≃ 0Ext
i
B(M,M) for i ≤ 1,
we get
1∑
i=0
(−1)i−jext
i
B(M
∨M,KB) =
1∑
i=0
(−1)i0ext
i
B(M,M) − 1−shomB(M,B) .
Note that the long exat sequene above and the assumption 0Ext
2
B(M
∨ ⊗M,KB) = 0 also show
0Ext
2
B(M
∨M,KB) = 0. Now ombining with the long exat sequene whih we get by applying
0Hom(−,KB(−j)) = 0 to 0→M
∨M → S2(M)(−2s)→ S2(IA/B)→ 0;
...→ 0Ext
1
B(M
∨M,KB(−j))→ 0Ext
2
B(S2(IA/B),KB(−j))→ 0Ext
2
B(S2(M)(−2s),KB(−j))→ 0 (17)
whih implies
2∑
i=0
(−1)i−jext
i
B(S2(IA/B),KB) = γ(S2M)−s −
1∑
i=0
(−1)i−jext
i
B(M
∨M,KB) ,
we get the dimension formula beause
HomB(S2(IA/B),KB) ≃ HomB(I
2
A/B ,KB) ≃ HomB(IA/B ,KB) ≃ KB
and Ext1B(S2(IA/B),KB) ≃ Ext
1
B(IA/B ,KB) = 0 (ker(S2(IA/B) → I
2
A/B) and coker(I
2
A/B →֒ IA/B)
are A-modules). Part B) is proven in exatly the same way (the sequene (17) stops by one module
earlier). Moreover ontinuing (17), we get the if in addition statement of part A) from the
assumption −sExt
3
B(S2(M),KB(t)) = 0.
Proof of Theorem 30. A) follows from Corollary 18, Remark 21 and Lemma 32 beause B is lii
and generially Gorenstein (f. the proof of Theorem 25 for details). Note that we need to split
(15) into two short exat sequenes, and apply 0HomB(IB/I
2
B ,−) to them, to see the formula of δ in
Theorem 30 (δ obviously equals δ(IA/B)0 by denition of the latter). The same splitting, together
with −sExt
2
B(IB/I
2
B ,M) = 0 and −3sExt
i
B(IB/I
2
B ,KB(t)) = 0 for i > 1, shows that
0ext
1
B(IB/I
2
B , IA/B) = −sext
1
B(IB/I
2
B ,M) + −2sext
2
B(IB/I
2
B ,M
∨(t))− dim(im β),
and we get the odimension statement.
B) We get Theorem 30B) from Proposition 13(i), Theorem 22 and Lemma 32 (see part A) of
the proof for the dimension formula).
Remark 33. If we in Theorem 25A) and Theorem 30A) replae the vanishing of all vExt
i
B-groups
by the vanishing of the orresponding ExtiB-groups (skipping the index v), we get that A is strongly
unobstruted in the sense H2(R,A,A) = 0 (f. Remark 19).
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3 Rank two and three sheaves on odimension two quotients
In this setion we will see that Theorem 25 applies to the normal module, M = NB and Theorem 25
and 30 to the 1. Koszul homology module, M = H1. Of ourse Theorem 25 also applies to modules
of the formM = S2(KB)⊕K
∗
B(t), where t is an integer. For suh deomposable modules Theorem 25
does not really lead to new results sine they may be treated by applying Theorem 23.
Before giving our appliations we need two propositions to handle the vanishing of the Ext-groups
involved. In what follows, B = R/I is an n-dimensional odimension two CM quotient of R,
0→ G2 := ⊕
µ−1
j=1R(−n2,j)→ G1 := ⊕
µ
i=1R(−n1,i)→ I → 0 (18)
is a minimal resolution and Y = Proj(B) is an l..i. in an open set U = Y −Z where depthI(Z)B ≥ 1.
Taking R-duals, we get a minimal resolution
0→ R→ ⊕R(n1,i)→ ⊕R(n2,j)→ KB(n+ 2)→ 0 (19)
to whom we apply Hom(−, B) to see the exatness to the left in the exat sequene
0→ KB(n+ 2)
∗ → ⊕B(−n2,j)→ ⊕B(−n1,i)→ I/I
2 → 0 (20)
Note that (20) splits into two short exat sequenes via ⊕B(−n2,j) ։ H1 →֒ ⊕B(−n1,i), one of
whih is (6) with H2(R,B,B) = 0.
Proposition 34. Let l be a natural number, let B = R/I be a odimension two CM quotient of R,
and suppose depthI(Z)B ≥ l. Then
ExtiB(I/I
2, I/I2) = 0 for 1 ≤ i ≤ l.
Proof. Sine pdRI = 1, we have Ext
i
R(I, I/I
2) = 0 and TorRi (I,B) = 0 for i ≥ 2. Moreover,
using the spetral sequene ExtpB(Tor
R
q (I,B), I/I
2) whih onverges to Extp+qR (I, I/I
2), we get
isomorphisms Exti−2B (Tor
R
1 (I,B), I/I
2) ≃ ExtiB(I/I
2, I/I2) for i > 2 and an exat sequene
0→ Ext1B(I/I
2, I/I2)→ Ext1R(I, I/I
2)→ HomB(Tor
R
1 (I,B), I/I
2)→ Ext2B(I/I
2, I/I2)→ 0.
Note that Ext1R(I,−) is right exat by pdRI = 1. In partiular Ext
1
R(I,R) ≃ Ext
1
R(I,A) and it
follows that NB ≃ Ext
1
R(I, I) ≃ Ext
1
R(I,R)⊗ I ≃ KB(n+ 2)⊗ I/I
2
. Similarly we get
Ext1R(I, I/I
2) ≃ Ext1R(I,R)⊗ I/I
2 ≃ NB .
Hene there is an injetion H0I(Z)(Ext
1
B(I/I
2, I/I2)) →֒ H0I(Z)(NB). Sine I˜/I
2|U is loally free, we
get H0I(Z)(Ext
1
B(I/I
2, I/I2)) ≃ Ext1B(I/I
2, I/I2). Moreover one knows that NB is a maximal CM
module (f. the text after (6)), and we onlude that Ext1B(I/I
2, I/I2) = 0.
Let p ≤ l be a natural number and suppose we have proved ExtiB(I/I
2, I/I2) = 0 for 1 ≤
i < p. By the spetral sequene (resp. the two displayed formulas) above, it sues to show
Extp−2B (Tor
R
1 (I,B), I/I
2) = 0 for p > 2 (resp. Extp−2B (Tor
R
1 (I,B), I/I
2) →֒ NB a graded injetion
for p = 2). We have HiI(Z)(I/I
2) = 0 for i ≤ p− 2 by (6). Hene we get an injetive graded map
Extp−2B (Tor
R
1 (I, B), I/I
2) →֒ Extp−2
OU
( ˜TorR1 (I, B)|U , I˜/I
2|U ) ≃ Ext
p−2
OU
( ˜TorR1 (I,KB(n+ 2))|U , N˜B|U ), (21)
(f. (3)), noting that
˜TorR1 (I,KB) ≃
˜TorR1 (I,B)⊗KB and ˜I/I2 ⊗KB ≃ N˜B are isomorphi on
U . Sine HiI(Z)(NB) = 0 for i ≤ p − 1, the rightmost Ext-group in (21) is, by (3) mainly, further
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isomorphi to Extp−2B (Tor
R
1 (I,KB(n + 2)), NB). We laim that Tor
R
1 (I,KB(n + 2)) ≃ R/I. Indeed
we have by (19) that TorR1 (I,KB(n+ 2)) is the homology group in the middle of the omplex
0→ I → ⊕I(n1,i)→ ⊕I(n2,j)→ 0.
Applying HomR(−, I) to (18), we see that ker[⊕I(n1,i) → ⊕I(n2,j)] ≃ Hom(I, I) ≃ R and putting
things together we get the laim. Now using the laim we get Extp−2B (Tor
R
1 (I,B), I/I
2) ≃ Extp−2B (R/I,NB)
whih vanishes for p > 2 and equals NB for p = 2, and we are done.
Remark 35. Applying HomR(−, I/I
2) to (18), noting that HomR(I, I/I
2) ≃ HomB(I/I
2, I/I2)
and Ext1R(I, I/I
2) ≃ NB (see the proof above) we get the following exat sequene
0→ HomB(I/I
2, I/I2)→ ⊕I/I2(n1,i)→ ⊕I/I
2(n2,j)→ NB → 0.
This sequene of graded B-modules an be used to nd vhomB(I/I
2, I/I2) beause dim(I2)v and
dim(NB)v an be omputed from
0→ ∧2(⊕R(−n2,j))→ (⊕R(−n1,i))⊗ (⊕R(−n2,j))→ S2(⊕R(−n1,i))→ I
2 → 0 , (22)
0→ G∗1 ⊗R G2 → ((G
∗
1 ⊗R G1)⊕ (G
∗
2 ⊗R G2))/R→ G
∗
2 ⊗R G1 → NB → 0 (23)
Indeed the latter sequene is dedued from the exat sequene 0 → R → ⊕I(n1,i) → ⊕I(n2,j) →
NB → 0 whih we get by applying HomR(−, I) to (18), (f. [23℄, (26)). Note that if s > maxn2,j −
2minn1,i, then I
2(ni,j)−s = 0 for all i, j and we get −sHomB(I/I
2, I/I2) ≃ R−s.
Now we onsider the 1.Koszul homology moduleH1. In this ase all assumptions of Theorem 25A)
are satised, due to
Proposition 36. Let B = R/I be a odimension two CM quotient of R, and suppose depthI(Z)B ≥
2. Then S2(H1) is a maximal CM B-module. Moreover
Ext1B(H1,H1) ≃ Ext
2
B(I/I
2,H1) = 0 and Ext
1
B(H1, B) = 0.
Proof. In the sequene (6), H2(R,B,B) = 0. Applying Hom(I/I
2,−) to (6) we get isomorphisms
Ext1B(I/I
2, I/I2) ≃ Ext2B(I/I
2,H1) beause Ext
i
B(I/I
2, B) = 0 for 1 ≤ i ≤ 2 ([27℄, (7)). Hene
Ext2B(I/I
2,H1) = 0 by Proposition 34. Moreover applying Hom(−, B) (resp. Hom(−,H1)) to (6)
we get Ext1B(H1, B) ≃ Ext
2
B(I/I
2, B) = 0 (resp. Ext1B(H1,H1) ≃ Ext
2
B(I/I
2,H1)). Finally to see
that S2(H1) is a maximal CM module, we onsider the short exat sequene dedued from (20) to
the left. It indues an exat sequene
0→ KB(n+ 2)
∗ ⊗ (⊕B(−n2,j))
ψ
→ S2(⊕B(−n2,j))→ S2(H1)→ 0 (24)
beause kerψ, whih is supported at Z and ontained in a maximal CM module, must vanish. It
follows from (24) that S2(H1) has odepth at most one. Moreover dualizing (24) we get
0→ HomB(S2(H1),KB)→ KB ⊗ S2(⊕B(n2,j))→ ⊕S2(KB)(n2,j + n+ 2) (25)
beause HomB(S2(⊕B(−n2,j)),KB) ≃ KB ⊗ S2(⊕B(n2,j)) and
HomB(KB(n+ 2)
∗ ⊗ (⊕B(−n2,j)),KB) ≃ ⊕S2(KB)(n2,j + n+ 2).
Note that the okernel of KB ⊗ S2(⊕B(n2,j)) → ⊕S2(KB)(n2,j + n + 2) is Ext
1
B(S2(H1),KB).
One may, however, easily see that this map is surjetive beause it is, via symmetrization and
tensorization, obtained from the surjetive map ⊕B(n2,j)→ KB(n+2). Hene Ext
1
B(S2(H1),KB) =
0, and by Gorenstein duality and the fat that the
odepth of S2(H1) is at most one, we get that S2(H1) is maximally Cohen-Maaulay.
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If the number of minimal generators of I is µ(I) = 4, then the rank of H1 is r = 2 by (6) and
Theorem 25A) applies to B-module M = H1. Sine all assumptions of Theorem 8 are satised ([27℄
and Proposition 10) we have an exat sequene
0→ KB(t− 2s)→ H1(−s)→ IA/B → 0 (26)
with t = n+ 2−
∑
n1,i. Hene
Corollary 37. Let B = R/I be a graded odimension two CM quotient of R, let U = Proj(B) −
Z →֒ Pn+1 be an l..i. and suppose µ(I) = 4 and depthI(Z)B ≥ 2. If A is dened by a regular
setion of H˜1
∗
(s) on U , i.e. given by (26), then A is unobstruted as a graded R-algebra (indeed
0H
2(R,A,A) = 0), A is Gorenstein of odimension 4 in R, and
dim(A) GradAlg(HA) = dim(NB)0 + dim(H
∗
1 )s − 1− γ(S2H1)0 + dim(KB)t−2s + δ(KB)t−2s − δ(H1)−s.
Moreover if char(k) = 0 and (B → A) is general with respet to 0homR(IB , IA/B), then the stratum
of quotients given by (26) around (A) is irreduible and its odimension is −sext
1
B(I/I
2,H1) −
dim(imβ) where β is the homomorphism −2sExt
1
B(I/I
2,KB(t)) → −sExt
1
B(I/I
2,H1) indued by
(26). Furthermore if (B′) ∈ GradAlgHB (R) satises the same assumptions as B above and denes A′
as B dened A, then the losures in GradAlgHA(R) of the stratum of quotients given by (26) around
(A) and the orresponding stratum around (A′) oinide. If in addition s > maxn2,j − minn2,j,
then the stratum of quotients given by (26) around (A) is open (so A is HB-generi), and
dim(A)GradAlg
HA(R) = dim(NB)0 + dim(H
∗
1 )s − 1− 0homB(S2(H1),KB(t)) .
Note that dim(H∗1 )s is easily omputed from the exat sequene
0→ NB → ⊕
µ
i=1B(n1,i)→ H
∗
1 → 0 (27)
(the B-dual sequene of (6) is short exat due to Ext1B(I/I
2, B) = 0). Moreover γ(S2H1)0 =
0homB(S2(H1),KB(t)) is omputed from (25) and the minimal resolution ([7℄, p. 595),
0→ ∧2(⊕R(n1,i))→ (⊕R(n1,i))⊗ (⊕R(n2,j))→ S2(⊕R(n2,j))→ S2(KB)(2n + 4)→ 0 (28)
Proof. Sine all assumptions of Theorem 25A) are taken are of by Proposition 36, we get Corol-
lary 37 from Theorem 25A) exept the irreduibility of the stratum, its uniqueness (i.e. that the
strata above oinide, up to losure) and the nal statement of Corollary 37. The irreduibility is
trivial beause the stratum is the image of an irreduible set. Indeed GradAlg(HB,HA) is smooth
at (B → A) beause B is unobstruted and 0H
2(B,A,A) = 0 by Lemma 28. The proof of the
uniqueness is essentially the same as for [23℄, Prop. 23(i) and Thm. 24 (see the two rst lines of
the proof of [23℄, Thm. 24) beause the open subsheme of GradAlgHB (R) onsisting of CM quo-
tients is irreduible. Moreover, sine ⊕B(−n2,i) ։ H1 is surjetive (f. (20) ) we have (H1)v = 0
for v < minn2,j . By Remark 26(ii) and the assumption s > maxn2,j − minn2,j , it follows that
−sExt
1
B(I/I
2,H1) = 0. Hene A is HB-generi and the formula for dim(A)GradAlg
HA(R) simplies
as in Corollary 37 aording to Remark 26(ii).
We illustrate Corollary 37 by a example in whih we ompute all numbers in the dimension
formula of dim(A)GradAlg
HA(R) as well as the number leading to the odimension of the HB-
stratum. Even though the example is relatively simple, our methods of omputation may be used
quite generally (to treat setions of H∗1 (s) on a odimension 2 CM quotient of R generated by
µ(I) = 4 generators).
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Example 38. It is well known how to nd a minimal resolution of H1. Indeed by [2℄,
0→ ∧2G2 → ∧
2G1 → G2 → H1 → 0 (29)
where the free modules Gi belong to (18). Applying the mapping one onstrution to (26) we get
the following resolution of the Gorenstein algebra A = R/IA of Corollary 37,
0→ R(b)→ G∗1(b)⊕ ∧
2G2(−s)→ G
∗
2(b)⊕ ∧
2G1(−s)⊕G2 → G2(−s)⊕G1 → IA → 0 (30)
where b := −
∑
n1,i − 2s and µ(I) = 4. As a speial ase we suppose the resolution (18) is linear
(i.e. all n1,i = 3). We get the following resolution (obviously minimal for s > 0) of A,
0→ R(−12− 2s)→ R(−9− 2s)4 ⊕R(−8− s)8
→ R(−8− 2s)3 ⊕R(−6− s)6 ⊕R(−4)3 → R(−4− s)3 ⊕R(−3)4 → R→ A→ 0 .
(31)
Let R be a polynomial ring in four variables. Then Y = Proj(B) is a urve of degree d = 6 and
with Hilbert polynomial pY (v) = 6v − 2. Moreover A is Artinian of sole degree 2s + 8 and with
h-vetor (1, 4, 10, .., 6s+16, 6s+19, 6s+16, .., 10, 4, 1). We suppose s ≥ −1 to avoid disussing very
speial ases. If Y is an l..i., then A is unobstruted by Corollary 37 of a dimension whih we now
alulate. Indeed dim(NB)0 = h
0(N˜B) = 4d = 24 while, by (27),
dim(H∗1 )s = 4 · pY (s+ 3)− h
0(N˜B(s)) = 24(s + 3)− 8− 4d− 2ds = 12s + 40
for s ≥ −1 (one may see that (NB)s = 12 = 4d+ 2ds also for s = −1 by (23)). Moreover
0homB(S2(H1),KB(−8)) = 6dim(KB)0 − 3 dim(S2(KB)0) = 0
by (25), (19) and (28). Hene by Corollary 37, if s > 0, then dim(A) PGor(HA) =
dim(A)GradAlg
HA(R) = dim(NB)0 + dim(H
∗
1 )s − 1− 0homB(S2(H1),KB(−8)) = 12s + 63
and A is HB-generi, i.e. the losure of the family given by (26) forms a (12s + 63)-dimensional
generially smooth, irreduible omponent of GradAlgHA(R). It is interesting to observe that we an
also use Lemma 17(iii) to ompute 0homB(IA/B , A) and hene dim(H
∗
1 )s−1− 0homB(S2(H1),KB(−8))
(f. Lemma 28). Indeed sine we get dimS2(IA/B)2s+8 = 6 from (31), it follows that
0homB(IA/B , A) = dimB2s+8 − dimS2(IA/B)2s+8 = 12s + 40
whih again leads to dim(A)GradAlg
HA(R) = 12s + 63.
Finally suppose s ≤ 0. We still have δ(KB)−8−2s = 0 and −2sExt
1
B(I/I
2,KB(−8)) = 0 for
s > −2 by Remark 26(iii) while (KB)−8−2s = 0 by (19). It remains to ompute δ(H1)−s and
−sext
1
B(I/I
2,H1). To do so we apply Hom(I/I
2,−) to (6), and we get
0→ Hom(I/I2, H1)→ Hom(I/I
2,⊕B(−n1,i))→ Hom(I/I
2, I/I2)→ Ext1B(I/I
2, H1)→ 0 (32)
Note that (NB)v = 0 for v < −1 by (23). Hene
−sext
1
B(I/I
2,H1) =−shom(I/I
2, I/I2) = dimR−s
and δ(H1)−s = −−sext
1
B(I/I
2,H1) for −1 ≤ s ≤ 0 by Remark 35. By Corollary 37,
dim(A)GradAlg
HA(R) = 12s + 63 +−sext
1
B(I/I
2,H1) for − 1 ≤ s ≤ 0,
and the odimension, −sext
1
B(I/I
2,H1), of the HB-stratum of A is 1, 4 for s = 0,−1 respetively.
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Remark 39. In view of Remark 35, we an always use (32) to nd δ(H1)−s. Moreover δ(KB)t−2s
is always omputable from the exat sequene we get by applying Hom(−,KB(t)) to (6), f. [23℄,
Remark 14(d). Sine dim(KB)t−2s is given by (19), we see that all members of the dimension formula
for GradAlgHA(R) in Corollary 37 are easily omputed, even by hand. On the other side, the formula
for the odimension is not always straightforward. However, in the range maxn2,j − 2min n1,i <
s ≤ maxn2,j −minn2,j , one may show
−sext
1
B(I/I
2,H1) = −δ(H1)−s = dimR−s.
Indeed by (32) it sues to show NB(−n1,i)−s = 0 for every i. Sine ⊕R(n2,j − n1,i′) → NB is
surjetive and ⊕R(n2,j−n1,i′−n1,i)−s = 0 we onlude by Remark 35. Finally note that in the range
maxn2,j − 2min n1,i < s ≤ maxn2,j − minn2,j , −sext
1
B(I/I
2,H1) is the odimension of the HB-
stratum of Corollary 37 beause we have −2sExt
1
B(I/I
2,KB(t)) = 0. Indeed by Remark 26(iii) we get
the last mentioned vanishing provided 2s−t > 2maxn2,j−n−2, i.e. provided s > maxn2,j−
∑
n1,i/2
(by t = n+ 2−
∑i=4
i=1 n1,i) whih holds sine
∑i=4
i=1 n1,i/2 ≥ 2minn1,i.
Example 40. (Arithmetially Gorenstein urves Proj(A) in P5, obtained by (26).) Here we reon-
sider the preeding example, in dimension two higher. Let R be a polynomial ring in 6 variables, and
let Y = Proj(B) be a threefold satisfying depthI(Z)B ≥ 2 whose resolution (18) is linear with µ = 4.
Let A be dened by a regular setion of H˜1
∗
(s)|Y−Z, so X = Proj(A) is an AG urve in P5. The
Hilbert polynomial of Y is given by integrating 6v−2 two times, or more preisely pY (v) = 6
(
v+2
3
)
−
2
(
v+2
2
)
+3
(
v+1
1
)
. The h-vetor of A is of ourse still (1, 4, 10, .., 6s+16, 6s+19, 6s+16, .., 10, 4, 1) and
the Hilbert polynomial of X is pX(v) = (6s
2 + 44s + 81)(v − s − 3). This time we suppose s ≥ −2,
only avoiding the degenerate ase. A is unobstruted by Corollary 37. To nd the dimension of
GradAlgHA(R), let η(v) := dim(I/I2)v and note η(v) = dim(I)v for v < 6. Then dim(NB)0 =
3η(4)−4η(3) = 48 by Remark 35. Moreover, by (27), dim(H∗1 )s = 4 ·dimB(3+s)− dim(NB)s where
dim(NB)s = 3dim I(4+s) − 4 dim I(3+s) + dimRs by Remark 35. Hene
dim(H∗1 )s = 4 · dimR(3+s) − 3 dim I(4+s) − dimRs = 4
(
s+ 8
5
)
− 12
(
s+ 6
5
)
+ 8
(
s+ 5
5
)
= 2(s+ 4)2(s+ 5).
Moreover 0homB(S2(H1),KB(−6)) = 6dim(KB)2 − 3 dimS2(KB)4 = 0 by (25), (19) and (28).
Hene by Corollary 37 and (8), if s > 0, then
dim(A)GradAlg
HA(R) = dim(X)Hilb
pX (P5) = 2(s + 4)2(s+ 5) + 47.
and the quotients given by (26) generate a generially smooth, irreduible omponent of GradAlgHA(R).
Now δ(KB)−6−2s = 0 and −2sExt
1
B(I/I
2,KB(−6)) = 0 for s > −2 by Remark 26(iii) while
(KB)−6−2s = 0 for s ≥ −2 by (19). To ompute δ(H1)−s and −sext
1
B(I/I
2,H1) we use (32)
and we get −sext
1
B(I/I
2,H1) = dimR−s and δ(H1)−s = −−sext
1
B(I/I
2,H1) for −1 ≤ s ≤ 0 by
Remark 39. By Corollary 37,
dim(A)GradAlg(HA) = 2(s + 4)
2(s+ 5) + 47 + −sext
1
B(I/I
2,H1) for − 1 ≤ s ≤ 0,
and the odimension, −sext
1
B(I/I
2,H1), of the HB-stratum of A is 1, 6 for s = 0,−1 respetively.
Furthermore, for s = −2, we ompute δ(H1)2 and δ(KB)−2 exatly as desribed in Remark 39 above
and we get its values to be −3 and 3 respetively. Hene dim(A)GradAlg
HA(R) = 2(s+4)2(s+5) +
47 = 71 in this ase.
Finally we pay some extra attention to the ase s = 0 of AG urves of degree d = 81 and
genus g = 244. In this ase the stratum given by (26) forms a 207 dimensional irreduible family
ontained in an irreduible omponent of GradAlgHA(R) or of HilbpX (P5) of dimension 208. It is
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interesting to observe that we have exatly the same degree and genus as for the AG urve with s =
6 of Example 24 where a 207 dimensional stratum in a 208 dimensional omponent was onstruted
by means of Theorem 23! Their resolutions, however, dier (see (31) for the AG urve of the rst
family where R(−4)3 appears as a repeated fator, and use linkage to see that R(−5)3 appears as
a repeated fator in the resolution of the seond family). We would like to pose the following two
questions. Are these two strata subshemes of odimension one of the same irreduible omponent
of GradAlgHA(R)? Is the minimal resolution of the generi Gorenstein algebra of this omponent
obtained from the resolution of (31) by deleting all repeated fators?
Now we apply Theorem 25 to M = NB . By Theorem 8 and Proposition 10 we have the exat
sequene
0→ KB(t− 2s)→ NB(−s)→ IA/B → 0 (33)
where t = n+ 2. Sine we have not been able to verify the assumption tExt
2
B(S2(NB),KB) = 0 of
Theorem 25A), even by inreasing depthI(Z)B to its largest possible value, we must use the B)-part
of the Theorem. Here we get advantage of developing the onept unobstruted along any graded
deformation of B, and we must suppose s large enough. Indeed we get
Corollary 41. Let B = R/I be a graded odimension two CM quotient of R, let U = Proj(B)−Z →֒
Pn+1 be an l..i. and suppose depthI(Z)B ≥ 4. If A is given by a regular setion of N˜B
∗
(s) on U
and if s > 2maxn2,j − minn1,i and char(k) 6= 2, then A is unobstruted as a graded R-algebra,
and the stratum of quotients given by (33) around (A) is open and irreduible (so A is HB-generi).
Moreover A is Gorenstein of odimension 4 in R, and
dim(A)GradAlg
HA(R) = dim(X)Hilb
p(Pn+1) = dim(NB)0 + dim(I/I
2)s − 0hom(I/I
2, I/I2) .
Letting η(v) := dim(I/I2)v, we also have
dim(A)GradAlg
HA(R) = dim(X) Hilb
p(Pn+1) = η(s) +
µ−1∑
j=1
η(n2,j)−
µ∑
i=1
η(n1,i) .
Furthermore if (B′) ∈ GradAlgHB (R) satises the same assumptions as B above and denes A′ as B
dened A, then the losures in GradAlgHA(R) of the stratum of quotients given by (33) around (A)
and the orresponding stratum around (A′) oinide, i.e. they form the same irreduible omponent
of GradAlgHA(R).
Proof. Firstly to see that (NB , B) is unobstruted along any graded deformation of B, it sues by
Proposition 13(iii) to show that 0Ext
1
B(NB , NB) = 0 sine NBT := Hom(IT /I
2
T , BT ) (BT := RT /IT
a graded deformation of B to an Artinian T ) is a graded deformation of NB to BT by [20℄,Prop. A1
and 0Ext
1
B(I/I
2, B) = 0. Sine depthI(Z)B ≥ 4 implies depthI(Z)NB ≥ 4 and depthI(Z) I/I
2 ≥ 3
we get by (3) and Proposition 34,
0Ext
1
B(NB , NB) ≃ H
1
∗(U,HomOU (I˜/I
2
∗
|U , I˜/I2
∗
|U )) ≃ Ext
1
B(I/I
2, I/I2) = 0
and we get what we want. Similarly Ext1B(NB , B) ≃ H
1
∗(U,HomOU (I˜/I
2
∗
, B˜)) ≃ H1∗(U, I˜/I
2) = 0.
Seondly to show the remaining assumption of Theorem 25B), we use Remark 26(ii). Sine
⊕R(n2,j − n1,i) → NB is surjetive by Remark 35, it follows that (NB)v = 0 for v < minn1,i −
maxn2,j , and we onlude by Remark 26(ii). Note that also the dimension formula above follows
from Remark 26 and (12) (see the text before (12) for 0hom(I/I
2, I/I2) = 0hom(NB , NB) =
0hom(S2(NB),KB(t)) + 1). Finally the proof of the irreduibility is trivial beause the stratum
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is the image of an irreduible set. Indeed GradAlg(HB ,HA) is smooth at (B → A) by the rst
onlusion of Theorem 47, f. proofs of Theorem 25B) Theorem 22. The proof of the uniqueness
(i.e. that the strata above oinide, up to losure) is essentially the same as for [23℄, Prop. 23(i)
and Thm. 24 (see the two rst lines of the proof of [23℄, Thm. 24) beause the open subsheme
of GradAlgHB(R) onsisting of CM quotients is irreduible. For the onnetion with the Hilbert
sheme, see (8).
Remark 42. Let depthI(Z)B ≥ 4 and char(k) 6= 2. Using (3) (see the proof above), we get
0Ext
2
B(NB , NB) ≃ Ext
2
OU
(I˜/I2|U , I˜/I2|U ) ≃ 0HomB(I/I
2,H3I(Z)(I/I
2)) ,
and H3I(Z)(I/I
2) ≃ H4I(Z)(I
2). Sometimes we an use this onnetion to prove the vanishing of
0Ext
2
B(NB , NB) in whih ase Theorem 25A) applies toM = NB provided we an show −sExt
2
B(I/I
2, NB) =
0. To show this vanishing, we play on NB ≃ I/I
2 ⊗ KB(n + 2) and we get Ext
2
B(I/I
2, NB) ≃
Ext2B(Hom(I/I
2, I/I2),KB(n+2)) = 0 from the fat that the odepth of Hom(I/I
2, I/I2) is at most
one by Remark 35. The benet of using Theorem 25A) (instead of Theorem 25B) whih requires
−sExt
1
B(I/I
2, NB) = 0) is that we don't need to assume s > 2maxn2,j−minn1,i. Hene if we in the
ase s ≤ 2maxn2,j−minn1,i suppose 0HomB(I/I
2,H4I(Z)(I
2)) = 0, we get that A is an unobstruted
graded Gorenstein quotient of odimension 4 in R, and
dim(A)GradAlg
HA(R) = ǫ+ δ + dim(KB)t−2s
where δ := δ(KB)t−2s − δ(NB)−s and ǫ := dim(NB)0 + dim(I/I
2)s − 0hom(I/I
2, I/I2), i.e. ǫ
is equal to the expression of η′s in Corollary 41. Continuing this argument (for this nal statement
we omit the details of the proof) we may even show that we an skip s > 2maxn2,j − minn1,i in
Corollary 41 and at least get inequalities
ǫ+ δ + dim(KB)t−2s − 0ext
2
B(NB , NB) ≤ dim(A)GradAlg
HA(R) ≤ ǫ+ δ + dim(KB)t−2s .
Moreover, if the inequality to the right is an equality, then A is unobstruted.
Example 43. (Arithmetially Gorenstein urves Proj(A) in P5, obtained by (33).) Let R be a poly-
nomial k-algebra in 6 variables, let B = R/I be a odimension two quotient with minimal resolution
0→ R(−3)2 → R(−2)3 → R→ B → 0 . (34)
and suppose Y = Proj(B) is an l..i in P5. Let A be given by a regular setion of I˜/I2(s). The Hilbert
polynomial/funtion of Y is pY (v) = HB(v) = 3
(v+2
3
)
+
(v+2
2
)
for v ≥ 0 by (34) (e.g. by integrating
3v + 1 two times). Thanks to (23) and (19) and the mapping one onstrution applied to (33) we
get the following resolution (obviously minimal for s > 4) of the Gorenstein algebra A = R/IA of
Corollary 41,
0→ R(−2s)→ R(2− 2s)3 ⊕R(−1− s)6
→ R(3− 2s)2 ⊕R(−s)12 ⊕R(−3)2 → R(1− s)6 ⊕R(−2)3 → R→ A→ 0 .
(35)
Let hi(OX(v)) = dimH
i(X,OX (v)). Sine KA ≃ A(2s − 6), the Hilbert polynomial of X is of the
form pX(v) = h
0(OX(v)) − h
1(OX(v)) = d(v − s + 3) beause h
1(OX(s − 3)) = h
0(OX(s − 3)).
Moreover looking to the resolution of IA we see that
pX(s− 2) = h
0(OX(s− 2))− h
0(OX(s− 4)) = h
0(OY (s− 2))− h
0(OY (s− 4)) = 3s
2 − 10s+ 9.
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So X = Proj(A) is an AG urve of degree d = 3s2 − 10s+ 9 and arithmeti genus g = 1+ d(s− 3)
in P5. If s > 2maxn2,j −minn1,i = 4, then Corollary 41 applies. Letting η(v) := dim(I/I2)v, we
get
∑
η(n2,j)−
∑
η(n1,i) = 2dim I3 − 3 dim I2 = 23. Calulating η(s) and using (22) whih implies
0→ R(−6)→ R(−5)6 → R(−4)6 → I2 → 0 (36)
we get η(s) = (s+ 1)(s − 1)2. Hene, if s ≥ 5, then A is unobstruted and
dim(A)GradAlg
HA(R) = dim(X)Hilb
pX (P5) = η(s) + 2η(3) − 3η(2) = (s + 1)(s − 1)2 + 23 .
Finally we disuss the ases 3 ≤ s ≤ 4. By (36), we get an injetion H4
m
(I2)→ H6
m
(R(−6)). By
Remark 42, 0Ext
2
B(NB , NB) = 0 and it follows that A is unobstruted and dim(A) GradAlg
HA(R) =
(s+ 1)(s − 1)2 + 23 + δ where δ := dim(KB)6−2s + δ(KB)6−2s − δ(NB)−s. We have (KB)6−2s = 0
by (19). Moreover applying Hom(−,KB(6)) to (6), we get −δ(KB)6−2s = −2shom(H1,KB(6)) for
s ≥ 3. Sine H1 has rank one by (6) we get H1 ≃ Hom(H0,KB(6 −
∑
n1,i)) ≃ KB by the last
onlusion of Theorem 8. Hene δ(KB)6−2s = − dimB(6−2s), i.e. δ(KB)6−2s = −1, 0 for s = 3, 4
respetively. It remains to ompute δ(NB)−s for whih we use H1 ≃ KB and the following exat
sequene
0→ Hom(I/I2, NB)→ Hom(I/I
2,⊕B(n1,i))→ Hom(I/I
2,K∗B)→ Ext
1
B(I/I
2, NB)→ 0 (37)
whih we get by applying Hom(I/I2,−) to (27). Sine Hom(I/I2,K∗B) ≃ Hom(I/I
2⊗KB(6), B(6)) ≃
I/I2(6), we get δ(NB)−s = 2,−3 for s = 3, 4 respetively. By Remark 42, dim(A) GradAlg
HA(R) =
36, 71 for s = 3, 4 respetively. Note that this result onrms the well known formula
6d+ 2(1 − g) ≤ dim(A)GradAlg
HA(R) ≤ 6d+ 2(1 − g) + h1(NX)
beause for s = 3 (resp. s = 4) the urve has degree d = 6 and genus g = 0 (resp. d = 17 and genus
g = 18, and one may verify h1(NX) = 3 by other methods).
We will nish the setion by looking to the rank r = 3 ase, i.e. we apply Theorem 30A) to the
B-module M = H1 provided the number of minimal generators of I is µ(I) = 5. Note that (15)
translates to t = n+ 2−
∑
n1,i, H2 = H
∨
1 (t) ≃ Hom(H1,KB(t)) and
0→ KB(t− 3s)→ H2(−2s)→ H1(−s)→ IA/B → 0 . (38)
Corollary 44. Let B = R/I be a graded odimension two CM quotient of R, let U = Proj(B)−Z →֒
Pn+1 be an l..i. and suppose µ(I) = 5, char(k) 6= 2 and depthI(Z)B ≥ 3. If A is dened by a
regular setion of H˜1
∗
(s) on U , i.e. given by (38), then A is unobstruted as a graded R-algebra
(indeed 0H
2(R,A,A) = 0), A is Gorenstein of odimension 5 in R, and dim(A)GradAlg
HA(R) =
dim(NB)0 + dim(H
∗
1 )s +−shomB(S2(H1),KB(t))−0homB(H1,H1)− dim(KB)t−3s − δ ,
where δ := δ(H1)−s + δ(KB)t−3s − δ(H2)−2s. Moreover if char(k) = 0 and (B → A) is general with
respet to 0homR(IB , IA/B), then the odimension of the HB-stratum of A at (B → A) is
−sext
1
B(IB/I
2
B ,H1)− dim(imβ)
where β is the homomorphism −2sExt
1
B(I/I
2,H2) → −sExt
1
B(I/I
2,H1) indued by (38). If in
addition s > maxn2,j −minn2,j , then A is HB-generi, δ = 0 and dim(KB)t−3s = 0.
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Proof. This is a orollary to Theorem 30A). Indeed, thanks to Proposition 36 we only need to show
0Ext
2
B(H2(−t)⊗H1,KB) = 0 and −2sExt
i
B(I/I
2,H2) = 0 for 2 ≤ i ≤ 3 and the if in addition-
statement. Using (6) we get −2sExt
i
B(I/I
2,H2) ≃ 0Ext
i−1
B (H1,H2(−2s)). Sine depthI(Z)B ≥ 3,
we have
0Ext
1
B(H1,H2(−2s)) ≃ Ext
1
OU
(H˜1|U , ˜H∗1 ⊗KB(t− 2s)|U ) ≃ Ext
1
OU
( ˜H1 ⊗H1|U , K˜B(t− 2s)|U )
by (3) whih vanishes beause 0→ H˜2|U ≃ ∧
2H˜1|U → H˜1 ⊗H1|U → S2(H1)|U → 0 is exat and H2
and S2(H1) are maximal CM modules (this argument also shows 0Ext
2
B(H1,H2(−2s)) = 0 provided
depthI(Z)B ≥ 4).
To show 0Ext
2
B(H1,H2(−2s)) = 0 under the assumption depthI(Z)B ≥ 3, we use (20). Hene
it sues to show the vExt
1
B(K
∗
B ,H2) = 0 for every v. By (3) this Ext-group is isomorphi to
Ext1OU (K˜B
∗
|U , ˜H∗1 ⊗KB(t+ v)|U ) ≃ Ext
1
OU
( ˜K∗B ⊗H1|U , K˜B(t+ v)|U ) ≃ vExt
1
B(HomB(KB, H1),KB(t))
whih vanishes sine HomB(KB ,H1) is a maximal CM module. Indeed by using (20), we showed in
[25℄ the exatness of
0→ HomB(KB(n+ 2),H1)→ ∧
2(⊕B(−n2,j))→ H2 → 0 (39)
(for that sequene it sues to have depthI(Z)B ≥ 2), from whih we get that HomB(KB ,H1) is a
maximal CM B-module.
To prove tExt
2
B(H2 ⊗ H1,KB) = 0 , we use again (20) to get 0 →
˜KB(n+ 2)
∗
⊗ H˜2|U →
(⊕B˜(−n2,j))⊗ H˜2|U → H˜2 ⊗ H˜1|U → 0 . Applying H
0
∗(U,−) to it, we get the exat sequene
0→ HomB(KB(n+ 2),H2)→ (⊕B(−n2,j))⊗H2 → H2 ⊗H1/τ → 0
where τ := H0I(Z)(H2 ⊗ H1). Invoking also (3) it follows that v−n−2Ext
2
B(H2 ⊗ H1/τ,KB) ≃
vExt
1
B(HomB(KB ,H2),KB) ≃ Ext
1
OU
(K˜B
∗
⊗ ˜H∗1 ⊗KB(t)|U , K˜B(v)|U ) ≃ vExt
1
B(H
∗
1 (t),KB), and
that the latter vanishes sine H∗1 is a maximal CM B-module. Indeed due to (27), H
∗
1 has odepth
at most one, and applying Hom(−,KB) to (27), we will see Ext
1
B(H
∗
1 ,KB) = 0 as well beause
Hom(NB ,KB) ≃ NB(−n− 2) ≃ I/I
2 ⊗KB . Then we onlude by the exat sequene
Ext2B(H2 ⊗H1/τ,KB)→ Ext
2
B(H2 ⊗H1,KB)→ Ext
2
B(τ,KB)
beause Ext2B(τ,KB) →֒ Ext
2
OU
(τ˜ |U , K˜B |U ) is injetive by (3) and τ˜ |U = 0.
Finally if s > maxn2,j − minn2,j we get −sHomR(I,H1) = −sExt
1
R(I,H1) = 0 and hene
δ(H1)−s = 0 by Remark 31(ii) and the left short exat sequene dedued from (20). Using (39)
instead of (20) we similarly get δ(H2)−2s = 0 as well as δ(KB)t−3s = 0 and we onlude easily.
Remark 45. Due to Remark 33 the quotients A of Corollary 37 and Corollary 44 are strongly
unobstruted in the sense H2(R,A,A) = 0. This follows from the proofs of the orollaries beause
the proofs of the vanishing of the vExt
i
B-groups involved are easily extended to the vanishing of the
orresponding ExtiB-groups. As a onsequene of this, look to the sheme ZGor(H) parametrizing
not neessarily graded Gorenstein quotients R → A with Hilbert funtion H ([18℄, p.126). Sine
vH
2(R,A,A) = 0 for v ≥ 0, we an use [22℄, Thm.1.10 to prove the smoothness of ZGor(H) at (A),
and one may also nd the dimension of the sheme ZGor(H) at (A) by a formula analogous to the
dimension formulas of Corollary 37 and Corollary 44, f. [23℄, Prop. 29.
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Example 46. Let R be a polynomial ring in ve variables, and let B = R/I be a CM-quotient with
µ(I) = 5 and with linear resolution (i.e. all n1,i of (18) are n1,i = 4). Then Y = Proj(B) is a
surfae with Hilbert polynomial pY (v) = 5v
2 − 5v + 5. By [2℄,
0→ ∧3G2 → ∧
3G1 → ∧
2G2 → H2 → 0 (40)
is exat, and the mapping one onstrution applied to (38) lead to the following resolution of the
Gorenstein algebra A = R/IA of Corollary 44A),
0→ R(−20− 3s)→ R(−16− 3s)5 ⊕R(−15− 2s)8 → R(−15− 3s)4 ⊕R(−12− 2s)10⊕
R(−10− s)6 → R(−10− 2s)6 ⊕R(−8− s)6 ⊕R(−5)4 → R(−5− s)4 ⊕R(−4)5 → IA → 0.
(41)
By (38) or (41) A is Artinian of sole degree 3s+15 and with symmetri h-vetor (1, ..., 1) given by
HA(v) = pY (v) for 1 ≤ v ≤ s+ 4, HA(v) = pY (v) − 4 for v = s+ 5 and
HA(v) = pY (v)− 15(v − s− 4)
2 + 35(v − s− 4)− 30 for s+ 5 < v < 2(s + 5).
So if s = −3,−2, ..., then the h-vetor of A is (1, 5, 11, 15, 11, 5, 1), (1, 5, 15, 31, 45, 45, 31, 15, 5, 1), ...
respetively. Suppose s ≥ −3 and Y an l..i.. Then A is unobstruted by Corollary 44. By Re-
mark 35, dim(NB)s = 4dim Is+5 − 5 dim Is+4 + dimRs, so dim(NB)0 = 60. Moreover
dim(H∗1 )s = 5dimBs+4 − dim(NB)s = 5
(
s+ 8
4
)
− 4 dim Is+5 −
(
s+ 4
4
)
= 15s2 + 125s+ 265
by (27). Applying Hom(−,H1) to (6), and we get
0→ Hom(I/I2, H1)→ Hom(⊕B(−n1,i), H1)→ Hom(H1, H1)→ Ext
1
B(I/I
2, H1)→ 0 (42)
Hene 0hom(H1,H1) = 1 by Remark 39 and 0homB(S2(H1),KB(−15 − s)) = 0 by (25) and (19).
Finally dim(KB)−15−3s = 0 and the sum dim(H
∗
1 )s +−shomB(S2(H1),KB(t))− 0homB(H1,H1)−
dim(KB)t−3s of Corollary 44 is equal to 15s
2 + 125s + 264. We get
dim(A)GradAlg
HA(R) = dim(A) PGor(HA) = 15s
2 + 125s + 324− δ.
Moreover if s > 0, then δ = 0 and A is HB-generi. Looking to s ≤ 0, we note that if 2s >
maxn2,j − 2minn2,j, then −2sHomR(I,H2) = −2sExt
1
R(I,H2) = 0 and hene δ(H2)−2s = 0 by
Remark 31 and (39). Combining with Remark 39, we get the odimension of the HB-stratum of
Corollary 44 to be −δ = −δ(H1)−s =−s ext
1
B(I/I
2,H1) = dimR−s for −2 ≤ s ≤ 0. In partiular
dim(A)GradAlg
HA(R) = 15s2 + 125s + 324 +
(
−s+ 4
4
)
for − 2 ≤ s ≤ 0.
In the nal ase s = −3 (where we skip a few details), one may see δ(H2)−2s = 5dimH2(4)6 −
6homB(S2(H1),KB(−15)) = 0 (from the sequene we get by applying Hom(−,H2) to (6)), and
δ(H1)−s = 5dimNB(−4)3 − 3homB(I/I
2, I/I2) = 5 · 20− (4 dim I28 + dimR3) = 5
by Remark 39, and we get dim(A)GradAlg
HA(R) = 15s2 + 125s + 324 − 5 = 79.
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4 Appendix: Deformations of quotients of zerosetions
Let X = Proj(A) be a subsheme of Y = Proj(B) ⊂ P = Proj(R) dened as the degeneray lous
of a regular setion of some sheaf M supported on Y . In this appendix we prove a quite general
result, Theorem 47, onerning the unobstrutedness and the family-dimension of a quotient A
obtained from B as the homogeneous oordinate ring of a zerosetion as above, in whih we neither
assume B to be Cohen-Maaulay, nor A to be Gorenstein. This leads to a main result of this paper
(Theorem 22). We have inluded a version of Theorem 47 for the Hilbert sheme (Corollary 48).
This result essentially generalizes Thm. 9.4 of [26℄, whih treats the ase where M is loally free of
rank r = 1, to higher ranks. Unfortunately our methods often lead to assumptions on depthI(Z)B
whih imply that A is non-Artinian. We have, however, sueeded in proving Theorem 22 also for
an Artinian Gorenstein algebra A. Below B = R/IB → A = R/IA is a graded surjetion with kernel
IA/B and M
∗ = HomB(M,B).
Theorem 47. Let r ≥ 1 and s be integers. Let B be a graded quotient of a nitely generated
polynomial k-algebra R. Let M be a nitely generated graded B-module, let Y := Proj(B) and
U = Y − Z be an open subset of Proj(B) suh that depthI(Z)B ≥ 2 and suh that M˜ |U is loally
free of rank r. Let Mi = H
0
∗(U,∧
iM˜) for 0 ≤ i ≤ r, and let σ ∈ H0(U, M˜∗(s)) be a regular setion
on U . Let X = Proj(A) be the zero lous of σ dened by A := coker(H0∗(U, M˜(−s))
σ
→ B). Let
K1 = kerσ(s) and suppose
(i) Hi∗(U, M˜i+1) = 0 for 1 ≤ i ≤ r − 1
(ii) 0Ext
2
B(M1,K1) = 0, and
(iii) (M1(−s), σ) is unobstruted along any graded deformation of B.
Then the rst projetion GradAlg(HB ,HA)→ GradAlg
HB(R) is smooth at (B → A) and,
dim(B→A) GradAlg(HB,HA) = dim(B)GradAlg
HB (R) + 0homB(IA/B , A).
Moreover, depth
m
A ≥ 1. If, in addition,
(iv) either 0Ext
1
B(IB/I
2
B , IA/B) = 0 and (IB)℘ is syzygeti for any graded prime ℘ of Ass(IA/B),
or 0Ext
1
R(IB , IA/B) = 0,
then 0 homR(IB , B) − dim(B) GradAlg
HB(R) = 0 homR(IA, A) − dim(A)GradAlg
HA(R), A is
HB-generi, and
dim(A)GradAlg
HA(R) = dim(B) GradAlg
HB(R) + 0 homB(IA/B , A) − 0 homR(IB , IA/B).
Moreover A is unobstruted as a graded R-algebra if and only if B is unobstruted as a graded
R-algebra.
Using the arguments appearing in (46) below, we will see that the ondition (i) of Theorem 47
implies H0I(Z)(A) = 0. In partiular A is the homogeneous oordinate ring of X. If we in addition
suppose
(v) Hi∗(U, M˜i) = 0 for 1 ≤ i ≤ r ,
we an mainly argue as in (46) (or as in the proof of [28℄, Lemma 12) to see that H1I(Z)(A) = 0, i.e.
that depthI(Z)A ≥ 2. Hene GradAlg
H(R) ≃ Hilbp(P) at (X ⊂ P) by (8).
Let X ⊂ Y be losed subshemes of P of Hilbert polynomials pX and pY respetively, let
D(pX , pY ) be the Hilbert-ag sheme parametrizing all suh pairs of losed subshemes and let
p1 : D(pX , pY ) → Hilb
pX (P) be the projetion indued by p1((X ′ ⊂ Y ′)) = (X ′). X is alled
pY -generi if there is an open subset UX of Hilb
pX (P) suh that (X) ∈ UX ⊂ p1(D(pX , pY )).
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Corollary 48. In addition to the notations and assumptions of Theorem 47 (i)-(iv), suppose (v).
Then X is pY -generi, and
dim(X)Hilb
pX (P) = dim(Y )Hilb
pY (P) + homOY (IX/Y ,OX)− homOP(IY ,IX/Y ).
Moreover X is unobstruted if and only if Y is unobstruted.
Remark 49. Sine depthI(Z)B ≥ 2, the modules Mi of Theorem 47 satisfy Mi = (∧
iM)∗∗ (f.
[28℄, Remark 8). In partiular M˜i = (∧
iM˜)∗∗ and learly M˜i|U = (∧
iM˜)|U . Moreover note that
Theorem 47(i) holds if
depthI(Z)Mi ≥ i+ 1 for 2 ≤ i ≤ r.
This holds in partiular if eah Mi is a maximal CM B-module and depthI(Z)B ≥ r+1. In this ase
it follows from [28℄, Prop. 6 that A is equidimensional and satises Serre's ondition S1 provided B
is Cohen-Maaulay. Indeed sine a regular setion by denition leads to an exat Koszul resolution
of A˜ on U , we get that U ∩ X is equidimensional and without embedded omponents, and [28℄,
Prop. 6 applies. In the same way (v) above holds if eah Mi is maximally Cohen-Maaulay and
depthI(Z)B ≥ r + 2, in whih ase A satises Serre's ondition S2 if B is Cohen-Maaulay.
Proof. One we have proved the smoothness of the rst projetion
q : GradAlg(HB,HA)→ GradAlg
HB (R) at (B → A),
we shall see that we get all the onlusions of the Theorem rather quikly. To prove the smoothness
of q, let (T,mT )→ (S,mS) be a small Artin surjetion with kernel a. Let BS → AS be a (at and
graded) deformation of B → A to S and let BT be a deformation of BS to T . It sues to nd a
deformation AT of AS to T and a map BT → AT over BS → AS . Let IAS/BS = ker(BS → AS).
Firstly we laim that there exists a graded deformation φS : M1S(−s) → IAS/BS (of S-at
BS-modules) of φ : M1(−s) → IA/B to S where φ omposed with IA/B →֒ B is the map σ in the
denition of A. Indeed we an by indution suppose there is a graded deformation φS1 : M1S1(−s)→
IAS1/BS1 of φ to S1 where S → S1 is small Artin surjetion (with kernel a1). Composing φS1 with
IAS1/BS1 → BS1 we dedue by the assumption of (iii) the existene of a deformation M
′
1S of M1S1
to S.
By Remark 12 the existene of a homogeneous map φ′S : M
′
1S(−s) → IAS/BS suh that φ
′
S ⊗S
idS1 = φS1 is equivalent to the vanishing of a well dened element (obstrution) o0(M
′
1S , IAS/BS ) ∈
0Ext
1
B(M1, IA/B(s))⊗k a1. Sine
0Ext
1
B(M1,M1)⊗k a1
ψ
→ 0Ext
1
B(M1, IA/B(s))⊗k a1 → 0Ext
2
B(M1,K1)⊗k a1
is exat, there is by (ii) an element λ ∈ 0Ext
1
B(M1,M1) ⊗ a1 suh that ψ(λ) = o0(M
′
1S , IAS/BS ).
On the other hand, by deformation theory, one knows more generally that M ′1S −λ denes a graded
deformation M1S of M1S1 suh that ψ(λ) = o0(M
′
1S , IAS/BS )− o0(M1S , IAS/BS ) (analogous to [23℄,
last part of Remark 3). Hene o0(M1S , IAS/BS ) = 0 for some deformation M1S and the laim is
proved.
The omposition of φS : M1S(−s) → IAS/BS with IAS/BS → BS yields a homogeneous map
σS suh that σS ⊗S idk = σ where idk : k → k is the identity. By (iii) there is a deformation
σT : M1T (−s)→ BT over σS .
Seondly we laim that AT := coker σT is a graded deformation of AS to T , i.e. that the surjetion
IAT /BT ⊗T k ։ IA/B is an isomorphism (where IAT /BT := im σT ). Indeed sine AT ⊗T S ≃ AS ,
it follows that AT is a deformation of AS if it is T-at, i.e. if Tor
T
1 (AT , k) = 0 or equivalently, if
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IAT /BT ⊗T k ≃ IA/B. The rough idea for proving this isomorphism of ideals is just to see that the
following part of the Koszul omplex
∧2 M1(−2s) −→M1(−s) −→ B −→ A (43)
(indued by the setion σ), whih obviously ommutes with the orresponding omplex, ∧2M1T (−2s)→
M1T (−s)→ BT → AT over T (beause σT ommutes with σ), is exat (or exat enough, f. below
for a preise formulation).
More preisely sine σ is a regular setion on U , the Koszul omplex indued by σ is exat on
U ([28℄, Thm. 7(4)). Applying H0∗(U,−) to this Koszul omplex (whih is really what we did in the
proof of Theorem 8 in [28℄), we get in partiular the following part of a omplex
M2(−2s) −→M1(−s) −→ B −→ A −→ 0 (44)
whereM1(−s) −→ B −→ A −→ 0 is exat. Using orrespondingly σT we get a omplexM2T (−2s)→
M1T (−s) → BT → AT over T whih ommutes with (44), where M2T := H
0
∗(U,∧
2M˜1T ) (slightly
abusing the notation of U by letting U be the set in Proj(BT ) whih orresponds to U ⊆ Proj(B)).
Moreover note that M1T
≃
−→ H0∗(U, M˜1T ) follows from H
0
∗(U, M˜1) ≃ M1 and the fat that M1T is
a deformation of M1. Indeed sine we by indution may suppose H
0
∗(U, M˜1S) ≃ M1S , we onlude
easily by applying H0∗(U,−) to the exat sequene
0→ M˜1|U ⊗k a→ M˜1T |U → M˜1S |U → 0, (45)
and by omparing with 0→M1⊗k a→M1T →M1S → 0. Let Zi = ker(Mi(−is)→Mi−1((1− i)s))
for i ≥ 1 and let Z1T := ker(M1T (−s)→ IAT /BT ). Applying (−)⊗T k to
Z1T −→M1T (−s) −→ IAT /BT −→ 0,
we see that the exatness of Z1 →M1(−s)→ IA/B → 0 and the isomorphism M1T ⊗T k ≃M1 imply
the laim provided we an prove that Z1T → Z1 is surjetive.
Now we will show that H1∗(U, Z˜1) = 0 implies the surjetivity of Z1T → Z1. To prove this we
remark that the T -atness of Z˜1T |U (whih is true beause the laim is true loally in U) yields an
exat sequene (45) in whih we have replaed every M˜1 by Z˜1. Applying H
0
∗(U,−) to suh an exat
sequene, we get the exat sequene
Z1T → Z1S → H
1
∗(U, Z˜1)⊗k a.
beause we have H0∗(U, Z˜1T ) ≃ Z1T from H
0
∗(U, M˜1T ) ≃ M1T . If H
1
∗(U, Z˜1) = 0, we get the surje-
tivity of Z1T → Z1S and hene the surjetivity of Z1T → Z1 by indution.
Hene it sues to prove H1∗(U, Z˜1) = 0. Taking ohomology of the sequene 0 → Zi →
Mi(−is)→ Zi−1 → 0, the assumption (i) leads to injetions
H1∗(U, Z˜1) →֒ H
2
∗(U, Z˜2) →֒ ... →֒ H
r−1
∗ (U, Z˜r−1) (46)
and we get the vanishing H1∗(U, Z˜1) = 0 beause Z˜r−1|U ≃ M˜r(−rs)|U and H
r−1
∗ (U, M˜r) = 0 and the
seond laim is proved.
Combining the two laims we get the smoothness of the projetion q : GradAlg(HB ,HA) →
GradAlgHB (R) at (B → A).
From (46) we have H2I(Z)(Z1) ≃ H
1
∗(U, Z˜1) = 0 and using the exat sequene
0→ Z1 →M1(−s)→ B → A→ 0 (47)
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we get H1I(Z)(IA/B) = 0 and H
0
I(Z)(A) = 0. It follows that depthmA ≥ 1.
One we have the smoothness of q and the assumption (iv), all remaining onlusions of The-
orem 47 follow by exatly the same proof as in the proof of Thm. 5B) in [23℄. Indeed (iv) implies
that the seond projetion p : GradAlg(HB ,HA)→ GradAlg
HA(R) is smooth at (B → A) (f. [23℄,
Prop.4(ii) and Remark 16(i) to onlude that the assumption 0Ext
1
R(IB , IA/B) = 0 also implies the
smoothness of p). Sine the tangent spae TB→A of GradAlg(HB,HA) at (B → A) is given by the
artesian square in the following diagram of exat sequenes
0HomR(IB , IA/B)
↓
TB→A
Tq
→ 0HomR(IB , B)
↓  ↓
0 → 0HomR(IA/B , A) → 0HomR(IA, A) → 0HomR(IB , A)
(48)
([22℄, (10)) where the top vertial map is injetive and the tangent map Tq is surjetive by the
smoothness of q, we get
dim(B→A)GradAlg(HB ,HA) = dimTB→A = dim(B) GradAlg
HB (R) + 0homR(IA/B , A)
as well as the other onlusions (by e.g. using that the tangent map Tp : TB→A → 0HomR(IA, A)
of p is surjetive by (iv) and (48)).
Remark 50. If we, instead of (i) Hi∗(U, M˜i+1) = 0 for 1 ≤ i ≤ r − 1, assume
(i′) H1∗(U, M˜2) = 0 and H
i
∗(U, M˜i+2) = 0 for 1 ≤ i ≤ r − 2,
and keep the other assumptions of Theorem 47, we still get all onlusions of Theorem 47. Indeed,
looking to the proof of (in partiular the seond laim of) Theorem 47, it sues to prove that
M2T → M2 is surjetive and that (44) is exat. Now applying H
0
∗(U,∧
2−) to the exat sequene
(45), remarking that M˜2|U ≃ ∧
2M˜1|U , we get the exat sequene M2T → M2S → H
1
∗(U, M˜2) ⊗k a.
Sine we have H1∗(U, M˜2) = 0 by the assumption (i
′), we get the surjetivity of M2T → M2S and
hene the surjetivity of M2T → M2 by indution. Finally to show that (44) is exat, it sues
to show the surjetivity of H0∗(U, M˜2(−2s)) → H
0
∗(U, Z˜1) or the vanishing of H
1
∗(U, Z˜2). Sine the
onditions of (i′) lead to inlusions as in (46) provided we have replaed Zi by Zi+1, we get preisely
H1∗(U, Z˜2) = 0 and we are done.
Finally note that the assumption H1∗(U, M˜2) = 0 in (i
′) is superuous if we in proving the seond
laim above an show that there is a deformation M ′2T of M2 whih loally on U is M2T for any T .
Indeed the argument in the proof of Theorem 47 where we showed H0∗(U, M˜1T ) ≃M1T as onsequene
of H0∗(U, M˜1) ≃ M1 and the fat that M1T is a deformation of M1, apply to get M
′
2T ≃ M2T and
hene the surjetivity of M2T →M2.
If we apply Theorem 47 under the assumptions of Theorem 8, we get Theorem 22 stated in the
bakground setion. Here we inlude a proof of Theorem 22.
Proof. It sues to verify (i), (ii) and (iv) of Theorem 47. Firstly we show (ii). Note that (5)
is given by applying H0∗(U,−) onto the Koszul resolution indued by the regular setion σ. Now
splitting the exat sequene (5) into short exat sequenes, we get 0→ Zi →Mi(−is)→ Zi−1 → 0
where Zi = ker(Mi(−is) → Mi−1((1 − i)s)) for i ≥ 2 and Z1(s) = K1. Hene 0Ext
2
B(M,K1) = 0
provided 0Ext
2
B(M,M2(−s)) = 0 and 0Ext
3
B(M,Z2(s)) = 0, while 0Ext
3
B(M,Z2(s)) = 0 provided
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0Ext
3
B(M,M3(−2s)) = 0 and 0Ext
4
B(M,Z3(s)) = 0 et. By the assumption (i) of Theorem 22, it
sues to show 0Ext
r
B(M,Zr−1(s)) = 0. Sine Zr−1 = Mr(−rs) = KB(t − rs), f. Theorem 8,
we get this vanishing by Gorenstein duality. Hene we onlude by the assumption (i) of Theo-
rem 22. Moreover (iv) of Theorem 47 is proven by the same argument, using (iii) of Theorem 22
(f. Remark 21), and remarking that Ass(IA/B) ⊂ Ass(B). Note that the argument shows that
0Ext
i
R(IB ,Mi(−is)) = 0 for 1 ≤ i ≤ r implies 0Ext
1
R(IB , IA/B) = 0 and we onlude as required.
It remains to show (i) of Theorem 47 or (i′) of Remark 50. If depthI(Z)B = dimB−dimB/I(Z) ≥
r + 1, we have
Hi∗(U, M˜i+1) ≃ H
i+1
I(Z)(Mi+1) = 0 for 1 ≤ i ≤ r − 1
sine all Mi are maximal CM B-modules by Theorem 8. If depthI(Z)B = r and r ≥ 3 we similarly
verify (i′) of Remark 50. In the nal ase depthI(Z)B = r = 2 we an use the two nal sentenes in
Remark 50 to onlude. Indeed in this ase M2 = KB(t) and sine Ext
j
R(B,R(−n−c)) = 0 for j 6= c
and KB = Ext
c
R(B,R(−n − c)) we may take M
′
2T = KBT := Ext
c
RT
(BT , RT (−n − c)) and prove
that KBT is a deformation of KB to BT by e.g. [20℄, Prop. (A1). This onludes the proof.
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